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\Q , Abstract 

The problem of whether or not the equations of motion of a quantum 
system determine the commutation relations was posed by E.P.Wigner in 
Vl ' 1950. A similar problem (known as "The Inverse Problem in the Calcu- 

lus of Variations") was posed in a classical setting as back as in 1887 by 
H.Helmoltz and has received great attention also in recent times. The aim 
of this paper is to discuss how these two apparently unrelated problems 
can actually be discussed in a somewhat unified framework. After review- 
ing briefly the Inverse Problem and the existence of alternative structures 
for classical systems, we discuss the geometric structures that are intrin- 
jrt ■ sically present in Quantum Mechanics, starting from finite-level systems 

and then moving to a more general setting by using the Weyl-Wigner ap- 
proach, showing how this approach can accomodate in an almost natural 
way the existence of alternative structures in Quantum Mechanics as well. 
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1 Introduction and Motivations 



1.1 Introductory Considerations 

Back in 1950, E.P.Wigner [355] (see also Refs. [25llT5Pl lT9lJ];) raised the problem 
of whether the equations of motion determine or not the quantum commutation 
relations. A few papers |199[ 1235) followed immediately, and the same prob- 
lem was considered by S.Schweber |211] in the framework of Quantum Field 
Theory. It also originated the interest for parastatistics [751 [HS IH2] ■ Physicists 
were apparently motivated in this research by the search of a way out of the 
apparently uncontrollable divergences that were plaguing Relativistic Quantum 
Field Theory. 

As reported by F.Dyson [63], also Feynman addressed the same problem, 
looking for commutation relations not associated with Lagrangian descriptions. 
One would have also avoided in this way [35] the introduction of gauge poten- 
tials. In the classical setting the problem, known as the "Inverse Problem in 
the Calculus of Variations " [186] , was stated and clearly formulated already by 
H.Helmoltz [S5]. An example of a system admitting of two alternative Hamil- 
tonian descriptions had already been given by J.L.Lagrange [118] when dealing 
with linear problems. 

With the advent of Relativity. T.Levi-Civita [1271 considered a similar prob- 
lem when looking for a Lagrangian description of massless particles in General 
Relativity. P.Bergmann also noticed, in his famous book on Relativity [2T] . 
that, when the Lagrangian function is itself a constant of the motion, as it hap- 
pens, e.g., for geodesic motions in General Relativity, then any function of the 
Lagrangian can be shown to provide, under very mild assumptions, a possible 
alternative Lagrangian description of the same dynamical system. 

Other motivations for interest in the same problem arose from the so-called 
"no-interaction theorem" jTOJ 23 1162] concerning the covariant canonical de- 
scription of relativistic interacting particles [9. . Here too alternative Lagrangian 
descriptions were sought that could allow to evade the theorem [37] . The so- 
called "quadratic Hamiltonian theorem" [35] was also considered in the same 
spirit. 

A complete mathematical investigation of the inverse problem was initiated 
by J.Douglas [58] (who was also one of the first Field medalists) back in 1941. 
Many investigators considered in particular the problem with reference to the 
Ndther theorem [1] connecting symmetries and constants of the motion [186] . 

A first differential-geometric formulation of the problem appeared in the 
mid-Seventies [151] . A few years later, R.M.Santilli [208] initiated a systematic 
presentation of the problem for both particles and fields. 

The Inverse Problem arises quite naturally if one starts from the "experi- 
mentalist's" point of view [167] that the trajectories (think of the observations 
in a bubble- chamber experiment) are the first raw data that are provided by 
the direct observation of a dynamical evolution. It is therefore natural to start 



from the trajectories to build up a vector field and, afterwards, to look for La- 
grangian and/or Hamiltonian descriptions. A first attempt in this direction had 
been made by E.K.Kasner jlllj already in 1913. 

As the "raw data" are usually given on some configuration space, the first 
problem one is faced with are the ambiguities that are present when trying to go 
from a second-order differential equation on a configuration space to a first-order 
one (i.e. a vector field) on a larger carrier space. This problem was analyzed in 
detail in Ref.[M]. 

To clearly identify and formulate the problem, it is very useful to consider 
linear dynamical systems first, and to investigate the existence of Hamiltonian 
descriptions from the point of view of Poisson brackets. 

In this context, writing the equations of motion in Hamiltonian form, i.e.: 
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or, in collective coordinates: 
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amounts to looking for a decomposition |83| of the matrix representing the (lin- 
ear) dynamics, say A, into the product of a skew-symmetric matrix A, which 
stays for the Poisson tensor and defines the Poisson brackets and, if it is non- 
singular, the symplectic structure, and of a symmetric matrix H which repre- 
sents the Hamiltonian, i.e.: 

A = A-H (1.3) 

Out of all possible such decompositions we obtain all the alternative quadratic 
Hamiltonian descriptions for a given dynamical system. It is easy to realize (see 
below, ChaptJ3]) that all symmetries for A, once applied to the factorization, will 
take from one factorization to another one unless they correspond to canonical 
transformations. 

When going from a linear vector space to a generic differentiable manifold, 
matrices should be replaced by tensor fields and, when "moving from a point" 
to a neighboring one, we will have to take into account also differential relations 
(partial differential equations will arise in addition to algebraic relations). 

One may trace the existence of alternative Lagrangian and/or Hamiltonian 
descriptions to the existence of a large group of symmetries for the dynamics, 
some of them being non-canonical symmetries. 

The most obvious transformation taking one Lagrangian into another one is 
a scale transformation. For instance, we might scale the mass in a Lagrangian 
containing only a kinetic term, or we could do that, thanks to the equivalence 
principle |21) . for a massive particle moving in a gravitational field. 

When moving to the quantum descriptions, it becomes already clear that the 
scaling of the Lagrangian will give rise to a selection of the " allowed" periodic 
motion within a Bohr-Sommerfeld quantization scheme which will depend on 



the scale. This is not surprising, as the Lagrangian times the period is measured 
in units of Planck's constant. 

This observation shows that we should not expect that the quantum descrip- 
tion of a dynamical evolution would trivially exhibit properties similar to the 
classical ones. 

On the other hand, there is a strong belief that Classical Mechanics should 
be a suitable limit of Quantum Mechanics. To quote from Dirac's book 56 : 

"Classical mechanics must be a limiting case of quantum mechanics. We 
should thus expect to find that important concepts in classical mechanics corre- 
spond to important concepts in quantum mechanics and, from an understanding 
of the general nature of the analogy between classical and quantum mechan- 
ics, we may hope to get laws and theorems in quantum mechanics appearing as 
simple generalizations of well known results in classical mechanics. " 

This, along with the existence of alternative Hamiltonian descriptions for 
solitonic equations |180j . strongly suggests that a proper formulation of bi- 
Hamiltonian descriptions should exist for quantum dynamical systems as well. 

Here one can be more or less demanding. For instance, one may require that 
known situations of bi-Hamiltonian descriptions of specific classical dynamical 
systems be fully recovered in the quantum framework. As we shall see, these 
requirements may have far-reaching consequences in the acceptable formulations 
of Quantum Mechanics. 

For instance, one of the fundamental principles of Quantum Mechanics as 
formulated by Dirac [56] is the existence of a superposition rule for wave func- 
tions in order to deal with interference phenomena. This is usually translated 
into the requirement [56] that the carrier space should be a vector space. 

On the other hand, the approach in terms of C*-algebras shows clearly that 
the Hilbert space we arrive at with the GNS construction [§5] depends on 
the initial state we choose, which is obviously "prepared", so-to-speak, "in the 
laboratory" . 

A spin-off of this construction is also the need for a clear distinction between 
the "abstract" C* -algebra and its specific realizations in terms of operators 
acting on the Hilbert space that results from the GNS construction. 

Considering next more closely the Dirac prescription of replacing Poisson 
brackets with commutator brackets, one finds that, while in the classical case 
all possible Poisson brackets generate derivations for the pointwise product of 
functions on the carrier space (i.e. the classical observables), in the quantum 
setting another result by Dirac (see Chapt. IV of Ref.[56|) shows that the 
associative product of operators identifies completely (up to a scale factor) the 
associated Lie algebra structure (the commutator brackets). In some sense, 
therefore, the associative product and the Lie product strongly determine each 
other in the quantum case. 

Many of these issues will be closely scrutinized in the present Report, which 
has been organized in the following way. 

The remainder of this Chapter and Chapt. 2 serve to, so-to-speak, "set the 
stage" for the analysis of the following Chapters, discussing, to begin with, 
how the Schrodinger equation can be recast in the form of a Hamiltonian 



system, both in the finite and the infinite-dimensional case, and how alter- 
native Hamiltonian descriptions of the same quantum system can be generated. 
As bi-Hamiltonian systems are usually associated with complete integrability 
[501 [Ml ri34) . Chapt.2 reviews some general problems concerning complete (Li- 
ouville) integrability and related invariant structures. In Chapt.3 we discuss the 
existence of alternative structures at the classical level starting, as anticipated 
in these introductory notes, with a discussion of the case of linear vector fields. 
Chapt.4 moves to the quantum setting. Also in order to set the problem within 
a framework similar to that of the classical case, and to take into account the 
fact that pure states in Quantum Mechanics are a manifold rather than a vec- 
tor space, we begin with a discussion of how geometric (tensorial) structures 
that are somehow hidden by the linear vector space structure of the Hilbert 
space emerge nonetheless as fundamental structures. We emphasize there how 
the proper carrier space for quantum dynamical system is instead the (no more 
linear) complex projective space associated with the Hilbert space. We con- 
clude by discussing here too possible bi-Hamiltonian descriptions of quantum 
systems and with a brief account of the extensions of the concepts developed 
along the Chapter to the infinite-dimensional case. In Chapt.5 we discuss the 
Wigner-Weyl approach to Quantum Mechanics, beginning with a review of the 
Weyl map, illustrated also with a good number of examples, we continue with 
the Wigner map, the Moyal product, Quantum Mechanics in phase space and 
we discuss also the quantum-classical transition. In the following Chapt.6 we 
discuss how one can induce either on the same space or on spaces that are dif- 
feomorphically related alternative linear structures, i.e. linear structures on the 
same carrier space that are however not linearly related. We discuss how alter- 
native linear structures can offer a way of " reformulating" , in a sense explained 
in the text, the von Neumann uniqueness theorem [222] . as well as their role in 
Statistical Mechanics. Chapt.7 contains some further generalizations and our 
concluding remarks. 

In order to make the paper more readable, some technical matters have been 
discussed in details in the Appendices, that expert readers can of course skip 
reading. 

1.2 The Schrodinger Equation as a (Classical) Dynamical 
System 

1.2.1 The Finite-Dimensional case 



We begin by considering the Schrodinger equation: 

4m*) = -JW*); i>{$) = i> (1-4) 

at n 

on a finite- dimensional (complex) Hilbert space "H, deferring the discussion of 
some infinite-dimensional examples to the end of this Chapter. Hence, for the 
time being: % s=a C n for some n, As % is a vector space, there is a natural 



identification of the tangent space at any point ip £ H with H itself: T^T-L w H 
. In other words, vectors in a Hilbert space playj a double role, as "points" in the 
space and as tangent vectors at a given point. Which role they play should be 
(hopefully) clear from the context. More generally, we have the identification: 
TU^U-xU, with TU the tangent bundle of U. 

As in the case of differentiable manifolds, ip = ip (t) , ip (0) = ip will define 
a curve in H, and hence the quantity (dip (t) / dt) \t—o will define the tangent 
vector at the curve at ip £ H. A smooth assignment of tangent vectors at every 
point ip £ % will define then a vector field, i.e. a smooth (and global) section 
of TH: 

T:H^TH; ip^(ip,<p),ip£H, <p £ T^H » H (1.5) 

where the second argument may depend in a smooth way on ip and with the 
tangent bundle projection: 

7T : (ip, <P) h> V (1-6) 

such that: tt o T = Id-u. We will employ the notation: r (ip) for the vector 
field evaluated at the point ip with tangent vector at ip given by Eqn. (|1.5l) . The 
latter defines a flow on T-L determined by the differential equation: 

j t iP(t)=(P(iP(t)),iP(Q) = iP (1.7) 

Every vector field will define a derivation on the algebra of functions just as 
in the case of real manifolds. Specifically, if: <p = (dip (i) / dt) \t=o, ip (0) = ip 
and: / : T-L *— > R is a function, then, in intrinsic terms: 

(M/))(V0 = |/ty(<))l*=o (i-s) 

will define the Lie derivative along T on the algebra of functions. 

In local coordinates, choosing, e.g., an orthonormal (O.N. from now on) 
basis {ei}" (n = dim"H), vectors (and tangent vectors) will be represented b 
n-tuples of complex numbers (ip = (ip 1 , ..., ip n ) , ip-' ='■ (cj\ip) and so on), an* 



L by 
of 



(C r (f))(iP) = <P*(^)^L(iP) (1.9) 

Notice that, in the infinite-dimensional case (for a separable and infinite- 
dimensional Hilbert space), "functions" will become Junctionals, and ordinary 
derivatives will have to be replaced by properly defined functional derivatives. 

Constant as well as linear (with respect to the linear structure identified by 
the vector space) vector fields will play a role in what follows. The former are 
characterized by: <p — const, in the second argument of Eqn. (jl.5p . and give rise 
to the one-parameter group: 

Rgm ip(t) =ip + t<p (l.io) 



x As in any linear vector space. 

2 As ipj is complex: ipj = qj + ipj, qj,Pj G R, the derivative here has to be understood 
simply as: d/dtpj = d/dqj — id/dpj. 



The latter are characterized instead by <j> (ip) being a linear and homogeneous 
function oijb, i.e.: 4> — Aip for some linear operator A. Eqn. dl.7p integrates in 
this case tco 

ip (t) = exp {tA} ip (1.11) 

Of particular interest is the dilation vector field A: 

A:tp^(ip,ip) (1.12) 

which corresponds to: A = Idu- In this case Eqns. (|1.7p and (|1 . 1 1|) become: 

l^(t)=^=^(t) = ety (1.13) 

Eqn. (|1.12|) exhibits clearly the fact that the dilation field leads to an identifi- 
cation of T-L with the fiber T^H. The latter carrying a natural linear structure, 
Eqn. (|1.12[) provides a tensorial characterization of the linear structure of the 
base space 7i by means of the vector field A. For more details, see, e.g., Ref. [52] . 

With every linear operatojj A there is therefore associated the linear vector 
field: 

X A :H^ TH; ip -> (ip, Aip) (1.14) 

In local coordinates, this vector field can be written as: 

Xx-A'rfJL (1.15) 

and is of course entirely defined by the representative matrix: A = \\A % A\ of the 
linear operator. In particular, then: 

*-*w (L16) 

Notice however that, while linear operators form an associative algebra, vec- 
tor fields do not : they form instead only a Lie algebra. An associative algebra 
can be recovered by using the same matrix A to define instead the (1,1) tensoo 



d_ 



T A =: A 1 jdipi ® — (1.17) 



Then it is easy to check that the vector field Xa is recovered from Ta and the 
dilation field as: 

X A = T A (A) (1.18) 



3 in the finite-dimensional case there are of course no problems in exponentiating a linear 
operator. 

4 Not considering questions of domain, which are of no relevance in the finite-dimensional 



case 
5 



Notice that, while X^ depends on the choice of the origin of the coordinates, T^ does not, 
i.e. it has an affine character. 
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Coming back to the Schrodinger equation, the linear operator H will define 
a linear vector field that we will denotqj for short as Th '■ 

T H :H^TH; T H : V M- (ip,- (i/h) Hip) (1.19) 

and then: 

C VH ^ = j t i, = -' l -Hi> (1.20) 

In this sense, the Schrodinger equation (|1.4|) can be viewed as a classical evolu- 
tion equation on a complex vector space. 

At variance with the infinite-dimensional case, every linear vector field is 
complete in finite dimensions. Then, if in addition we require conservation of 
probability, Wigner's theorem |227j states that the associated one-parameter 
group has to be unitar^ and, by Stone- von Neumann's theorem |201j . H has 
to be essentially self-adjoint, i.e. it will be symmetric with a unique self-adjoint 
extension. In the sequel we will refer always to the latter, and will simply 
say that H is self-adjoint. In the finite-dimensional case no distinctions be- 
tween Hermitian, symmetric and self-adjoint operators |201) need to be made, 
of course. 

Let now: 

h:HxH^C (1.21) 

be a Hermitian structure on T-L, i.e. let: 

define an Hermitian scalar product on % with the usual properties, namely; 

• h (<t>, 4>) > 0, h {<p,4>) = o 4> = 

• h (\(j>, ip) = Xh (</>, ip) , h (0, Xtp) = Xh (0, ip) 



Remark 1 If h is viewed more properly as a (0,2) tensor field, then <p and ip 
in Ean. > TO£)) have to be viewed as tangent vectors at a point in T-L, and a more 
complete (albeit a bit more cumbersome) notation should be: 

MvHMvO.MvOJHM') (1.23) 



"We use here the notation Th instead of Xj^ as a reminder of the fact that we had to 
include the "extra" factor (—i/h) in its definition. 

7 To be a bit more precise, pure states in Quantum Mechanics are described by elements 
of the projective Hilbert space PH (for instance, one-dimensional projectors of the form: 
P^i = I^XV 1 !/ (ViVOi l^P) 6 H, The Hermitian structure on H induces a binary product: 
{.,.) on PH via: (P^,^^) =: Tr {P^P^} = \(<j>\ip)\ 2 / ((<j>\tp) (ip\ip)) and yields a transition 
probability. Wigner's theorem states then that any bijective map on PH preserving transition 
probabilities can be realized as a unitary or anti-unitary transformation on the original Hilbert 
space. 
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where h (ip) stands for h evaluated at point ip 6 %. As the r.h.s. of this equation 
does not depend on p, this implies : £r H (<p\ip) = C,T H {h{4>,^)) — and, using 
Eqn.(T^: 

= Cr H (h(cj>,i>)) = (C rH h){ct>,iP) + h{£r H <t>A) + h(ct>,£r H i>) = 

= {Cr H h){<f>,i>)+ l -{(Hm-(m)} (1-24) 

which implies in turn, as H is self-adjoint, that: 

£r H h = (1.25) 

i. e. that the Hermitian structure be invariant under the (unitary) flow of Th 
(and viceversa) , or, stated equivalently, that Th be a Killing vector field for the 
Hermitian structure. If instead the Hermitian structure is not invariant, then 
H will fail to be self-adjoint w.r.t. the given Hermitian structure. 

Remark 2 A family of privileged (actually global) charts for H, all unitarily 
related to each other, is provided by the choice of any O.N. basis { \k)} i , (h\k) — 
Shk- In any such basis: h{(p,ip) =: (<p\ip) — hij<j) l ^p J with: hij — Sij, and all 
the above statements (in particular Eqn. A 1.25]) ) are self-evident. However, the 
statements of the previous Remark have a tensorial meaning. As such, they will 
remain true also under (possible) non-linear changes of coordinates. 

Remark 3 We can decompose the Hermitian structure into real and imaginary 
parts as: 

h{.,.) = g(.,.)+iu(.,.) (1.26) 

where: 

and: 

w (0,^) = ^ [<0|V> - M$] (1-28) 

2,1 

According to Eqn. Ill.23\) we may consider h as an Hermitian tensor. It is clear 
that both g and uj are (0, 2) tensors, and that g is symmetric, while w is skew- 
symmetric, hence a two-form. Eqn A1.25\) implies then that both tensors are 
(separately) invariant under Th- Notice that: uj{(j),iip) = g((f>,ip). Hence, non- 
degeneracy of h entails separately that of uj and of g. 

Remark 4 The non- degenerate two- form ui will be represented, in any one of 
the privileged charts, by a constant (and unitarily invariant) matrix. Hence it 
will be closed: 

duj = (1.29) 

But, again, we stress that an equation like Eqn. 11.29) has a tensorial meaning. 
Hence, w will be a symplectic form, while g will be a ( non-degenerate and 
constant in any privileged chart) metric tensor. 
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Let now Th be a vector field of the form f|l .19[) . Then, a little algebra shows 
that: 

On the other hand, if we define the quadratic function: 

f H (4>) = -^ <<w> (i.3i) 

we can define its differential as the one-form: 

4fe (0) = ~ [< W) + <<^-}] = ~ KW) + <W>] (1-32) 

the last passage following from H being self-adjoint. Therefore: (ir H u>) (ip) = 
dJH (</>) (4>) W>: and hence: 

ir H uj = dfH (1.33) 

i.e. V h is Hamiltonian w.r.t. the symplectic structure with the quadratic Hamil- 
tonian /#. 

As a further remark, we recall that % is endowed with a natural complex 
structure J defined simply by : 

J : <f> -> i<f> (1.34) 

Then: J 2 = -I (the identity on H) and: 

uj(cf>,jTP)=g(<f>,iP) (1.35) 

Therefore the complex structure J is comvatible \l60\ with the pair (g,w) and 
we can reconstruct the Hcrmitian structure as: 



or equivalently, as: 

Notice also that: 
as well as: 



h($,il>) = u(hJ1>)+iu(hil>) (1.36) 

h{<f>,tl>) = g(<l>,1>)-ig(<l>,Jil>) (1.37) 

u(J(t>,Ji>)=ui((j),ip) (1.38) 

3 (J^,J^)= 5 (0,^) (1.39) 

We can summarize what has been proved up to now by saying that "H is 
a Kahler manifold |40[ I4T1 1224] . and that h is the associated Hermitian metric, 
while g is the Riemannian metric and u> the fundamental two-form. As uj is 
closed, g is also |224j a Kahler metric. 

Choosingfl an O.N. basis {|fc)}", (h\k) = 5hk, the Hermitian product can be 
written as: 



3 Of course the best choice would be a basis in which the Hamiltonian is diagonal. 
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where: \<j)) = <fi k \k), and similarly for ip. 

Writing: <f> = fa + ifa, fa >2 € R™, we can realify [4j [82] C n to R 2 ™ via: 



C"9 



In this way: 

ff (0,V)=Re{^V} = | 0i <fe|G 
where G is the matrix: 



fa 
fa 



G = hn = 



On 



(1.41) 



(1.42) 



(1.43) 



the I's being the identity matrices. Quite similarly, we find that w has the 
representative matrix f2 given by: 



Q 







n ^n 



in R 2 ™, and J is represented by the matrix: 



J = 



0„ -I„ 

In 0„ 



= -fi = fi" 



(1.44) 



(1.45) 



consistently with Eqn. (jl.35p which implies, in terms of the representative matri- 
ces: 

J = Q~ 1 G (1.46) 

Notice, however, that while G and $7 are representatives of (0, 2) tensors, J is 
the representative of a (1, 1) tensor. Explicitly, denoting with O*- 7 the inverse 
of f2 (i.e. a (2,0) tensor): 

Wm ]k = 6 i k (1.47) 

then: 

J 1 j = ff fc G fci (1.48) 



Let us turn now to the Schrodinger equation (|1.4j) . Written in components, 
it reado 

^ = -L{h\H\k)^ (1.49) 

Writing then, as before, if) = fa + ifa,ipi,2 & R™ and introducing the real 
column vector: 



fa 
fa 



e 



(1.50) 



9 It is clear that the matrix elements of the Hamiltonian have to be viewed as those of a 
(1, 1) tensor. 
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we find (separating real and imaginary parts) the equation: 

A 



d_ 
dt 



■02 



01 

02 



where A is the skew-symmetric matrix: 



*-k 



hnH ReH 
-ReH ImH 



and ImH and ReH are the nx n matrices: 

(Im H) h k =Im (h\H\k) , (RcH) h k =Re(h\H\k) 
Just as before, Im H will be skew-symmetric and Re H symmetric. 



(1.51) 



(1.52) 



(1.53) 



Remark 5 If we write the representative matrix of the Hamiltonian as: H 
Re H + ilraH , then the "realified" version of it is J4H the symmetric matrix: 



R H = 
Then it is easy to check that: 



ReH -ImH 
ImH ReH 



A=-Jo( R H/h) 



(1.54) 



(1.55) 



This completes the identification of the Schrodinger equation as a real dynamical 
system on a real space of dimension In. 



dt 2 



4>\ 

4>2 



Taking a further time derivative, we obtain 

A 2 
and a simple calculation shows that: 

A= ~ { — 



4>2 



(1.56) 



(1.57) 



Actually this result follows simply from the fact that the complex structure 
and the realified form of H commute, i.e.: 



Jo R H= R HoJ 



(1.58) 



and from: J 2 = —I 
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As already remarked, things simplify if the basis in C" is chosen as the basis 
of the eigenvectors of H itself: H \k) = Ek\k). Then it is immediate to see that: 



-4 



H 
-H 



(1.59) 



where H is now the diagonal n x n matrix: 

H = diag{E 1 ,...,E n } (1.60) 

Then we obtain the equations of motion: 

j^x = H^ 2 , 1^2 = -Hi>i (1.61) 



or: 



d 2 , fH^ 2 



Explicitly: 



M2^+[-f-l $i = 0,i = l,2 (1.62) 



^* + (if) ^* = , * = 1, .-., », t = 1, 2 (1.63) 



i.e. in this basis each one of the components of the real vectors ip\ and i\) 2 
behaves as a simple harmonic oscillator with frequency V}~ = Ek/h. 

1.2.2 Alternative Schrodinger and Heisenberg descriptions via mod- 
ified Hermitian structures 



Let now K be a (strictly) positive linear operator on ti, and consider the 
bilinear (sesquilinear) functional: 

(cf>\Kip) = h (</>, Kip) , (/>, ip e TH (1.64) 

It is immediate to check that this functional enjoys all the three properties 
listed after Eqn. (|1.22j) . Hence it defines a new Hermitian structure that we will 
denote as Hk (•, •) or as: (-\-) K - 

h{4>,K1>)=:h K {4>,il>)=:(<l>\il>) K (1.65) 



It is easy to show now that, as a consequence of the Hermiticity of H: 

Cr H (h K (<f>, VO) = ~h (0, [H, K] $) (1.66) 

Invariance of the new Hermitian structure w.r.t. the dynamics requires then 
that K be a "constant of the motion" for H: 

[H,K} = (1.67) 
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\ik will now be given explicitly as: hx {4>, tp) = (hK)ij<}> V^ , QiK)ij — (i\K\j) = 
Sij + iAij, with S, A n x n real matrices. Hermiticity implies then: S = S 
and A = —A, i.e. that S be symmetric and A skew-symmetric. Proceeding as 
before, it is not difficult to see that the new metric tensor, symplectic form and 
complex structure <?& ,u>k and Jk would be represented in the previous basis by 
the matrices: 



Gk — 



S A 

-A S 



n K = 



A S 
-S A 



(1.68) 



with Jk being given again by Eqn. (|1.46|) . 

The above results have been derived by considering "time" (i.e. Hamilto- 
nian) evolution of vectors in the Hilbert space, i.e. in the framework of the 
Schrodinger picture. 

It is not hard to show that similar results can be achieved in the context of 
the Heisenberg picture. Indeed, the new scalar product ()1.65j) induces a new 
associative product among linear operators, namehi 10 !: 

A.B-+A ■ B=:AKB (1.69) 

(K) 

and a new commutator: 

\A,B] fn .,=:A ■ B-B ■ A = AKB-BKA (1.70) 

(A) (K) (K) 

that will fulfill the Jacobi identity in view of the associativity of the product 

(EMI). 

Now, if we want to represent the same dynamics in terms of the new com- 
mutator bracket, we will have to define a new Hamiltonian H' such that: 

dA 
ih^ = [H\A] (K) = [H,A} (1.71) 

As A is generic, this requires: H'K = KH' = H, and hence: 

H' = HR- 1 (1.72) 

as well as: 

[H,K}=0 (1.73) 

as before. Notice that this will ensure that "time" evolution will be a derivation 
on the new product algebra, i.e. that: 

' A jn 

(1.74) 

UL \ (Pl ) / Ub (IS.) (ft) Ub 

for all A, B. 

Let us summarize at this point what we have found starting from the 
Schrodinger equation (|1.4I) : 



d 


( \ 


dA dB 


— 


A ■ B) 


= — • B+A ■ — 


dt 


V (*) J 


dt (K) (K) dt 



See also Ref. '206 for the Abelian case. 
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• Eqn. (ll.4j ) defines a real, linear Hamiltonian vector field on the realification 
of the complex (and finite-dimensional, for the time being) Hilbert space 
U. 

• On this space, Eqn. (|1.4[ l defines a Killing vector field for the Euclidean 
metric tensor associated with the real part of the Hcrmitian scalar product. 

• Eqn. (|1.4|) decomposes into n non- interacting harmonic oscillators with 
proper frequencies Ek/h and is therefore [5H 1134] (see also next Chap- 
ter) a completely integrable system. Finally: 

• Eqn. (|1.4p preserves alternative Hermitian structures associated with pos- 
itive linear operators K which commute with H . Therefore, Th is also 
Killing for the new metric tensor and Hamiltonian for the new symplectic 
structure. 

1.2.3 From Finite to Infinite Dimensions 



We turn now to the infinite-dimensional case, concentrating on a quantum sys- 
tem described, in the Schrodinger picture, on the Hilbert space £2 (K d ,C), 
d > 1, of complex, square-integrablqlj functions. Defining real variables q and 
p via: 

£2 (K d , C) 9 V (r, t) -. q (r, t) + ip (r, t) , r eK d (1.75) 

q and p will be functions in £ 2 (K d , RH 
With a Schrodinger operator of the form: 

n = - ^-V 2 + U (r) (1.76) 

2m 

(with U (r) a potential), the (time-dependent) Schrodinger equation will be: 

ih^j- = n^ (1.77) 

In a natural way, we will have to deal here with (real) functionals instead of 
functions. We will consider functionals such that the functional differential SF 
of any one of them, F — F [q,p] (J dr... =: J d d r...): 

iF = /*{^' (^) + ¥£) i ' ,<^, } (L78) 

is well defined, and this will require both the "differentials" (i.e. the variations) 
Sq and dp and the functional derivatives SF/dq and SF/5p to be (real) square- 
integrable functions. 



xl With respect to the Lebesgue measure. 

12 One can also identify [T80] £ 2 (K d ,C) with the cotangent bundle of C 2 (M. d ,R). 
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Defining a Hamiltonian functional H\ [q,p] as: 

Hihp] = lj dr {^ [( V «) 2 + (VP) 2 ] +U(r) {q 2 +p 2 ) } ( I.V!)) 

or (integrating by parts): 



Hilq,p} = -{(q,Hq) + (p,n P )} 

with (., .) denoting the (real) scalar product in £ 2 (K d 
functional derivatives: 

sW) =nq{rh sW) =nv{r) 



(1.80) 
we have, taking 

(1.81) 



and the Schrodinger equation (|1.77[) can be rewritten as the (infinite-dimensional) 
Hamiltonian system: 

SHi 

Sp 



d 



1 



-J 



Sq 



where: 



As: 



-1 

1 



J 



(1.82) 

(1.83) 
(1.84) 



the tensor J is the realified [I] version of the standard complex structure Jo on 
£ 2 (M d ,C) defined by: 

Jo : ip — > iip 



Explicitly: 

— — - Sq (r) ® — — - 
6q (r) dp (r) 

The Schrodinger equation (J1.82J) can be rewritten as: 



J = / dx I Sp (r) 



d 

"dl 



{P-H}, 



(1.85) 
(1.86) 

(1.87) 



where the Poisson bracket {., .} 1 and the associated Poisson tensor Ai (., .) are 
defined, for any two functionals F [q,p] and G [q,p], as: 



A 1 (SF,SG)=:{F,G} 1 = ^f 



f/r 



SF SG 



SF SG 



Sq (r) Sp (r) Sp (r) Sq (r) 



or: 



{F,G} 1 = iy"dr{| <5F/<5p 5F/«J 9 |j| ^ || 



(1.88) 
(1.89) 
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The corresponding symplectic structure 13 ! wi is given by: 

U\ = h / dr (Sq A Sp) 



or: 



uj\ = H / dr I Sp Sq I (g) J 



(5p 



(1.90) 



(1.91) 



and the composition of the symplectic and the complex structures gives rise 
[1601 1180] to the metric tensor: 



g =: J owj = h / dr (Sp (r) ® <5p (r) + (Sg (r) <g) (5g (r)) 



(1.92) 



Given any functional i* 1 = F [q,p], the Hamiltonian vector field Xp associ- 
ated with F via: 

ix F ui = SF 



is easily seen to be: 



SF 



In particular: 



X F = - fdr[ 5F S 

h J \ Sp (r) Sq (r) Sq (r) <5p (r) 



^-i/drjwpW^-Wr) 



Sp{r) 



The Poisson bracket (jl.89|) can then be written also as: 

{F,G} 1 =w 1 (X G ,X F ) 



(1.93) 
(1.94) 

(1.95) 
(1.96) 



Digression. 

Things acquire a more familiar (and manageable) form if we introduce a 
(real) complete orthonormal set of functions 14 !: 

{ij) n (r)}^° ; (V„, ip m ) = S nm] J2 I driPn (r) V« (r') = <5 (r - r') (1.97) 



in £ 2 



Then, defining: 

Sq (r) = y^-^n (r) dq n , dq n =: (V'n, 5g) 



and similarly for 5p, the functional differential (|1.78|) becomes: 

<9F 



"-£<£* 



9p n 



dPr, 



(1- 



(1.99) 



13 A non-degenerate two-form which is closed, being constant in the (global) (q,p) chart. 
14 They could be, e.g., the eigcnfunctions of a d-dimcnsional isotropic harmonic oscillator. 
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where: 



dF _ / c5F 
dq n ' \ n ' Sq 



(and similarly for dF/dv„ 1 5 I. In other words: 



(1.100) 



(1.101) 



Proceeding in a similar way, it is easy to check that the Poisson tensor 
(|3.196[) . the symplectic form (11.90[) and the Hamiltonian vector field f|l .94[) as- 
sociated with F can be written in this basis as: 



h^dp n dq n 
u>i = th)dq n A dp n 



(1.102) 
(1.103) 



and: 



Iv/— — -— — 

H^X dp n dq n dq„ dp n 



(1.104) 



1.2.4 Alternative Hamiltonian Descriptions 



Let's assume now the Schrodinger operator (|1.76|) to be positivd^br . more 
generally, invertible, and let, for simplicity, the ipnS be the associated eigen- 
functions: 

H4> n = E n ip n , E n > OVn (1.105) 

Then, defining 180 a new Poisson tensor and Poisson bracket as: 



A (SF,SG)=:{F,G}, 



1 



r/r 



5F -H- 5G 



SF SG 

tU- 



h J {Sq (r) dp (r) dp (r) Sq (r) 
the same Schrodinger equation can be written also as: 

Sp 
SBp 

Sq 



d 


P 


l 





-H 


dt 


q 


h 


H 






or: 



d 

If 



p(r) 
q(r) 



{p(r),#o}o 
U(r),H } 



where: 



H [q,p] = ^Jdr(q 2 



- P 



(1.106) 

(1.107) 

(1.108) 
(1.109) 



15 Note that, under the stated assumptions, the series on the r.h.s. of Eqn.l ll.99l l will be 
convergent. 

16 It could be, e.g., the Schrodinger operator for the isotropic harmonic oscillator: "H = 

- J^-V 2 + U(v) with: U (r) = m 2 r 2 /2. 
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is a sort of " universal" Hamiltonian functional. 

In the basis of the eigenfunctions of T-L the Poisson bracket (|1.106[) can be 
written as: 

and the associated symplectic form will be given by: 

wo = H^E^dqn A dp n (1-1H) 

n 

or, in a basis-free notation: 

cu = h j dr(H~ l 6qA6p) (1-H2) 

Moreover, the Hamiltonian vector field associated, via ujq now, with the func- 
tional F = F [q,p] is given by: 



X F = 



ly e n I2LJL-<!LA.\ (i n3 ) 

h^ n \ dp n dq n dq n dp n ) 



or, in basis-independent form: 



x *=y*{ H mm- H m*FM } 



In particular: 



X Ho = lf d r{Hp(r)J^-Hq(r) 



Sp{r) 
which coincides with the Hamiltonian vector field (ll.95p . 



(1.115) 



Remark 6 One could have also rewritten loq as: 

uj = h j dr{5qM-L- l 8p) (1.116) 

but the two forms of course coincide, in view of the fact that % is self-adjoint. 
What has been proved up to here is that the same vector field, namely: 

r = lJdr{Hp(r)^-Hq(r)^} (1.117) 

is Hamiltonian w.r.t. two different Poisson brackets 17 l ({.. .} 1 and {.,.} )and 
Hamiltonian functionals (H\ and Hq), i.e. that it is bi- Hamiltonian. It turns 

17 I.e.: V = {Hi,.} 1 = {Ho,.} - 
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out [SH 1134) that this, together with the compatibility condition, can lead to 
complete integrability. 

The procedure can actually be iterated, leading to the conclusion [180] that 
the Schrodinger equation admits of infinitely many alternative Hamiltonian de- 
scriptions, with Hamiltonians: 

n„[q,p] = ^{(q,H n q) + (p,H n p)}, n> l;H x [q,p] = H[q,p] (1.118) 



with associated symplectic forms: 



and Poisson tensors: 



dr (U n ~ l 5q A dp) (1.119) 



A n (SF,SG)={F,G} n = l fdrl^n^^--^-n^ S ° 



h J {Sq (r) Sp (r) Sp (r) Sq (r) 

(1.120) 
such that: 

irijJn = SH n Vn (1.121) 

where T is the vector field (|1.117[) and that the Hamiltonian functionals H n are 
pairwise in involution w.r.t. all the Poisson brackets, i.e.: 

{H n ,H m } k = Vn,m,k (1.122) 

In other words, the Schrodinger equation admits of infinitely many constants 
of the motion pairwise in involution, which is another hallmark |54[ 1134] of 
complete integrability. Having established this, as well as the fact that the 
Schrodinger equation admits of infinitely many Hamiltonian descriptions, and 
that it can be considered as an infinite-dimensional Hamiltonian system on some 
infinite-dimensional space, it will be appropriate to devote the next Chapter to 
the study of completely-integrable dynamical systems and of their alternative 
Hamiltonian descriptions. 
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2 Completely Integrable Systems and Bi-Hamiltonian 
Descriptions 

2.1 Liouville Integrability and Linearization 

In order to avoid reducing the generality of our treatment, and for future ref- 
erence, when the carrier space of a quantum system may be a manifold (like 
the complex projective Hilbert space (see below Sect 14. 2 .2")) ) instead of a vector 
space, we will work here in the framework of symplectic manifolds and Hamil- 
tonian systems. So, let (M,uj) be a symplectic manifold (dimA / i=2n for some 
n and ui a symplectic form). A dynamical system, i.e. a vector field V E TA4 
is u- Hamiltonian or, for short, Hamiltonian iff: 

ivuJ = dH (2.1) 

for some % £ T (M). A Hamiltonian dynamical system is said to be completely 
integrable if it has n constants of the motion fi, ■•■, f n that are: 
i) functionally independent: 

dh A ... A df n ± (2.2) 

and: 

ii) pairwise in involution, i.e.: 

{fi,fj}=0 Vt,j (2.3) 

where {., .} is the Poisson bracket associated with the symplectic form to. The 
Arnold- Liouville theorem^ states then that the level sets: 

M c = /" 1 (c), CGM", dimM c = n (2.4) 

provide a foliation of M. whose leaves are invariant manifolds for the Hamilto- 
nian flow (|2.ip . Moreover, if the leaves of the foliation (|2.4[) are compact and 
connected, then they are diffeomorphic to n-dimensional tori, i.e.: 

M C ^T" =S 1 x ... x§,\= {<f>= (0 1 , ...,</)") mod27r} (2.5) 



and one can find a set of frequencies: v = (z/i, ..., v n ), v = v (/) such that the 
Hamiltonian flow on the torus is given bvl 18 l: 

^ = Vi => & (t) = & (0) + Vi t (2.6) 

at 

and Hamilton's equations of motion are integrable by quadratures. 



'Such motions are called quasi-periodic or conditionally periodic. 
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Let's summarize briefly how this leads to the well-known construction of 
action-angle variables. 

Calling Xi the Hamiltonian vector field associated with /j, i — l,...,n, 
Eqn. (|2.3p leads at once to: 



{/«, £} = £*,/, = u (X^Xi) = (2.7) 

Moreover, as: 

i[x,Y] = £x ■ iy -iy • Cx (2.8) 

we obtaiio: 

i[Xi,x d ]U = £x • (ix t w) - ixj ■ (£x t w) = d(CxJj) = (2.9) 

the final result following from Eqn. (|2.7| ). Therefore, the X;'s commute pairwise. 
Moreover, it follows again from Eqn. fl2.7p that the invariant leaves (|2.4p of the 
foliation are Lagrangian submanifolds. Defining the immersion: i c : M c °-» Ai. 
we have therefore: 

i*w = (2.10) 

Therefore, if we denote by 9 the Cartan one-form (w = —d6), its pull-back z*6* 
will be closed: 

di* c e = i* c d6 = Q (2.11) 

It need not be exact, though, as the invariant tori are not contractible. Cycles 
on the torus need not be boundaries, and therefore the integral of i*9 along 
a one-dimensional cycle need not vanish. We can select a basis (71,..., j n ) of 
loops, i.e. n one-dimensional cycles each one of which winds around the torus 
exactly once and none of which is homologous [2] to any other one (nor to the 
trivial loop), and define the action variables Ii as: 

Ii = ^fi* c 6, » = l,...,n (2.12) 

Of course: Ii = Ii (/) depends only on the homology class [5] of 7; and, provided 
the jacobian of the transformation does not vanish or, equivalently: 

dh Adl 2 A... Adl n 7^0 (2.13) 

invariant tori can be uniquely labelled by the set I = (Ji, ..., J„) of the values of 
the action variables. Defining then: 

Q 

S = S(I,q)=fi* c 6 (2.14) 

go 

the integral being along a path 7 on the invariant torus labelled by / joining 
a fiducial point qg to the point q, S will depend only on the homology class of 



'As Xj is Hamiltonian, Cx ■<*> = 0. 
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paths from qo to q to which 7 belongs^]. Switching to a different homology class 
multiplying 7 by, say, a loop 7, in the basis will change S by a fixed amount: 

S -> S + ASf, ASi = 2ttIj (2.15) 

We can then use S as the generator of a time-independent canonical trans- 
formation: 

fop) -»(&/) (2.16) 

with the J's playing the role of the new momenta, via 21 l: 

dS ,, dS ,„ 1W , 

* = fl?' ^ =^ (2 - 17) 

and with the new Hamiltonian: K, = %. Now, as n is the maximum allowed 
number of independent constants of the motion pairwise in involution 22 !, either 
the Hamiltonian is one of the /j's or is a function thereof: H = %{f) and 
therefore it is ultimately a function of the action variables alone. Hamilton's 
equations become then: 

-I i = 0, -^W; ,*=:§£=.*(/) (2.18) 



and we recover Eqn. (|2.6p . In the new coordinates the dynamical vector field 
will be given by: 

n f) 

r = ^»3 ( 2 - 19 ) 



=1 



and the symplectic structure will be: 

n 

u = ^dcj) 1 A dli (2.20) 

8=1 

We notice that in these coordinates the dynamics is nilpotent of index two,i.e.: 

Moreover, in these coordinates the system is linear and associated with a 
nilpotent matrix. It should be remarked that the transformation (|2.16|) is not 
linear. Therefore, even if the system is linear in the (q,p) coordinates, the 
transformation need not be isospectral, i.e. it may take us from a semisimple 
matrix to a nilpotent one. 



20 This approach goes back to a paper 1641 by A.Einstein of 1917. 

21 The ambiguity expressed by Eqn, 112. 1511 tells us that the <j>'s are actually defined "modulo" 
2n, i.e. that they are indeed angles. 

22 If lo is non-degenerate, n is the maximum allowed dimension for an isotropic subspacc. 
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2.2 From Invariant Structures to Integrability 

In the case of Eqn. (|2.18p . if we are in the so-called non-resonant case, i.e. if: 

dv 1 Adv 2 A-Adv n ^0 (2.22) 

we can choose the z/j's as new momenta (the transformation will be in general 
not canonical, however!). In the new coordinates the dynamical system will be 
completely separated into n independent systems, while the Hamiltonian and 
symplectic structure will become respectively: 



n 

%£?< (2-23) 

and: 



H 

2 = 1 



uj = Y^dft A d ^ (2-24) 

j=i 

Separability of a dynamical system into a family of non-interacting subsystems 
appears therefore to be intimately connected with integrabilit\l 23 l. It is also well- 
known that a way to achieve (if possible) integrability via separability occurs 
in the Hamilton- Jacobi theory [THl HTJ [TBI 110711158] , a subject that we will not 
discuss here, though. Notice also that, in general, the two notions of separability 
do not in general coincide. 

In this Subsection we will discuss a way to achieve separability (and even- 
tually integrability) with the aid of additional invariant structures [53j 54]. We 
will not make reference, for the time being, to symplectic structures and the 
like. What we are going to say generalizes to vector fields, and hence also to 
non-linear situations, the familiar block-diagonal form of matrices. 

Let then M. be a smooth manifold and let T <E X (Ai) be a vector field. V 
will be said to be separable into dynamics of lower dimension on an open set 
U C M. if a holonomic frame {e^)} can be found for the tangent bundle TU, 
with dual forms {9^' k ^}, such that: 

C eVih) (e^\T)jt0^i = j (2.25) 

This implies of course, in local coordinates, that we can choose coordinates x^ l,k ^ 
( e (i,k) = d/dx^ 1 '^) in such a way that: 

r = r(4 ' fc) ^fc) (2-26) 

and: 

r (i,k) =T (i,k) (y) . x i = . (jB (i,1 \a; (< ' 2) ,...,a; ( M0,...) (2.27) 

23 See also Rcfs. 72 73 for a similar discussion in the Lagrangian context. 
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Finally, the vector field T will be said to be separable if we can choose U = M. 
or, at least, U to be an open dense set in M. 

Let us review briefly how one can achieve separation of the dynamics in the 
presence of an invariant diagonalizable (1,1) tensor field T e T\ (A4) with at 
least two distinct eigenvalues and vanishing Nijenhuis torsion. 

Recall that, given a (1,1) tensor T, the Nijenhuis torsion [751 IT521 [TM] 
associated with T is the (0, 2) tensor Nt defined by: 

Mr (a, X, Y) =: (a\H T {X, Y)) ; a e X* (M) , X,Y eX (M) (2.28) 

where: 

X (M) 3 H T (X, Y) =: [TX, TY] + T 2 [X, Y] - T [TX, Y] - T [X, TY] (2.29) 

Let's remark that, if T is diagonalizable: 

Tet = he, (2.30) 

the eigenvectors e, are (locally at least) a basis of vector field^j, and we will 
denote as S\ t the eigenspace of the eigenvalue A^. The ei being a basis implies: 



k 



^4e fe ; 4 = -c% (2.31) 



for some set of " structure constants" (actually in principle functions) cf . The 
dual cobasis {#*}, defined as usual via: 

(6%) =5) (2.32) 

will be also a basis of eigenforms: 

T6 l = Ai0* (2.33) 



where T denotes the transpose action of T on forms ((9\TX) =: (T6\X)). 
Using then the identity [IT] : 

d9 (X, Y) - C x (6 (F)) - C Y (0 (X)) - (9\ [X, Y}) (2.34) 

it is easy to prove that: 

de k {e i ,e j ) = -c% (2.35) 

i.e. that: 

-i^4#A^ (2.36) 

ij 



d9 k 



24 More properties of Nijenhuis torsions and tensors are briefly reviewed in App.A. 
25 In fact, they are not only a vector space, but have in addition the structure of an T (.M)- 
modulc. 
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Contracting the Nijenhuis torsion with the eigenvectors one finds, with some 
algebra: 

H T (ei, ej) = (T - A;) (T - X 3 ) [&i,ej] + (A, - Xj) {(£ ei A.,) e + (C ej Xi) e,} 

(2.37) 
Let us remark first that: 

(T - Xi) (T - X 3 ) [e h e 3 ] = £) (A fe - A 4 ) (A* - A,) c£-e fc (2.38) 

has no components in S\ i ® S\ j . If the Nijenhuis torsion vanishes 26 !, then the 
condition T-Lt (&i, &j) = separates into: 

(T-X i )(T-X j )[e i ,e j ] = (2.39) 

and: 

(Xi - A,-) C ei Xj = (A, - A,) dXi (ej) = (2.40) 

Contracting the first of the above equations with 6 k we obtain: 

(A fc - A,) (A fe - Xj) (6 k \ [ei, ej \) = (2.41) 

which implies: (8 k \ [ei, ej]) = for Afe ^ Xi, Xj, i.e.: 

[ei,ej}GS Xi ®S Xj (2.42) 

and hence: 

4 = when Afe ^ Ai, Aj (2.43) 

At this point we can somehow sharpen the analysis and make it a bit more 
precise. If the eigenspaces are not one-dimensional (i.e. the eigenvalues of T 
have degeneracy), denoting by {e(i jT .)} ,r = l,2,...,di, di being the dimension 
of the t-th eigenspace, a basis of eigenvectors in S\ i , it is not difficult to prove 
that Eqn. (|2.4ip generalizes to: 

(Afe - Xi) (A fc - A,) <W>| [e {l , p) ,e (hq) ]) = \fr,p,q (2.44) 

which holds in particular for i — j, thus leading to the conclusion that: 

[ e (»,p)' e (i,g)] e S \t ( 2 - 45 ) 

i.e. that if T is diagonalizable and has vanishing Nijenhuis torsion, the eigen- 
vectors belonging to every eigenspace are an involutive distribution. As such, the 
distribution will be integrable by Frobenius' theorem [167, and we can speak 
(locally at least) of eigenmanifolds. 

We can also reach the same conclusion in dual form as follows. Eqn. (|2.43p 
implies that in Eqn. (|2.36[) at least one of the one- forms on the r.h.s. must be in 
the (dual) eigenspace of the eigenvalue Afe. To be more specific, if we denote by 



3 i.e. T is (see App.A) a Nijenhuis tensor 
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Q(k,r)^ r _ -^ 2, ... the eigenforms belonging to the eigenvalue A& and by cL 'Jw. v 
the "structure constants", Eqns. (|2.36j) and (|2.43[) imply: 

^(fe,r) = _ ^ $$^0^ A 6^ (2.46) 

(i,p),s 

But this is equivalent to the statement that: 

d0(M/y(M = o (2.47) 

s 

which is again [54 a statement of Frobenius' theorem. 

The main conclusion is then that, under the stated assumptions, one can 
always find a holonomic frame (and coframe) that diagonalizes T in the form: 

T = ^\ l e l ®6 1 (2.48) 

i 

Let us turn now to the consequences of the invariance of T under the dy- 
namics. First of all, an invariant (1,1) tensor T will generate an algebra A of 
vector fields all commuting with T given by: 

A = {r,rr,r 2 r,..,T fc r, ...} (2.49) 

If C T T = 0, it can be proved [M] that: 

^T k r,T k+h r] = ^ T°"Ht (T T, T 7 r) (2.50) 

a+l3+*y=2k+h~2 

a,/3>0 7 7>fc 

hence, if Ht = 0, A will be an abelian algebra of vectors fields all commuting 
with r, i.e. an abelian algebra of symmetries |167j . 

Consider next the eigenvalue equation for T. Let e and 9 be an eigenvector 
and an eigenform belonging to the same eigenvalue A: 

Te = Ae, TO = X6 (2.51) 

We can assume, without loss of generality: (0\e) = 1. 
If T is invariant under the dynamics, CrT — 0, then: 

T (£ r e) = C r (Te) = C r (Ae) = (£ r A) e + A (£ r e) (2.52) 

On the other hand: 

(c T e\fO^ = (T (£ r e) \0) = £ r A + A (C r e\9) = £ r \ + Ure\fe) (2.53) 

and hence: 

£ r A = i r d\ = (2.54) 

i.e., if T is invariant under the dynamics, so are the eigenvalues of T . 
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Notice that, by Cartan's identity [167] : 

C ez 9 j = (ei\d6 j )+d(ei\6 j ) (2.55) 

and hence, if the (co)basis is holonomic, dQi = (together with (e,|^ J ) = 5j) 
leads to: 

C ei e j =0Vi,j (2.56) 

Then, for i ^ j we obtain: 

(A 4 -A,)£ e! (r|^) = \ i (C ei T\ei)-(L e4 T\T6i)= (2.57) 

= A 4 (£ e T|^)-(T(£ e T)|^) = 

= A, (C ei T\6 j ) - (C ir Xi) (ei\d j ) - A, (C ei T\6 j ) = 

Hence: 

C ei (T\O i ) = 0, ij*j (2.58) 

and (cfr. Eqn. (j2.25[) ) this proves separability of T. To be more explicit, we can 
write T as: 

n di £. 

where n is the number of distinct eigenvalues and di is the degeneracy of the 
i-th eigenvalue. Finally, T will be of the form already given in Eqns. (|2.26p and 
(J2.27I) . On the eigenspaces of T that are one-dimensional integrability of T will 
be then essentially trivial, and this case will not be considered further. 
Proceeding further we obtain from Eqn. (|2.40l) : 

= (Xi - Xj) (ei\dXj) = (Te t \dX 3 )~(e l \X 3 dX 3 ) = /e i |rdAj\-(e i |AjdA i ) (2.60) 

and hence: 

TdX 3 = XjdXj (2.61) 

i.e. dXj is an eigenform belonging to the eigenvalue Xj. Let us now assume the 
eigenvalues of T to be doubly degenerate and functionally independent. This 
implies: dim(A / () = In and: 

dXx A dX 2 A ... A d\ n ^ (2.62) 

Then the dXiS can be taken as half of the cobasis, and we can write T as: 

n 

T = J2 x i ( e * ® 8 i + e n+l «) dXi) (2.63) 

With this choice, Eqn. (|2.54p tells us that T has no components "along" the 
dAi's, and that it is therefore of the form: 



r = Y^ i& i ( 2 - 64 ) 



i=i 



31 



Proceeding further, closure of the # l 's allow us to write: 8 l = dcf> 1 , and hence: 
e,; = d/d<fi l for i = 1, ...,n. The J 's are in general only locally defined (while 
the Aj's are globally defined), and can be allowed to be angles. Hence we can 
rewrite T as: 

T = Y, X >{w®W + Qx®d\^ (2.65) 

and, in view of Eqn. (12.641) . T will be of the form: 

" 8 

XFW*')^ ( 2 - 66 ) 

i=i v 

The associated equations of motion will be: 



dl 



a^* = ° 



(2.67) 



Now, it is easy to show that the dynamical system (|2.67[) can be made 
Hamiltonian with respect to a large family of symplectic structures. Indeed, 
let's assume that no one of the r"s vanishes identically 27 !. Then, with any set 
of (smooth) functions gi = gt (A 1 ) we can associate the symplectic form: 

n 

u = 5^/< (X 1 , 4> l ) del) 1 A dX l (2.68) 

8=1 

where: 

and r will be Hamiltonian: 

i T 0J = dU (2.70) 

with: 

n 

dV. = J^9i ( A dX% ( 2 - 71 ) 

Therefore, under the assumption that there exists a (1, 1) diagonalizable tensor 
field T invariant under the dynamics, with vanishing Nijenhuis torsion and 
at most doubly degenerate and functionally independent eigenvalues, what has 
been proved up to now is that the dynamical vector field T is separable, integrable 
and, on the eigenspaces of doubly degenerate eigenvalues, Hamiltonian. ■ 

The equation CrT = expresses the invariance of the tensor T in intrinsic 
terms. It may be useful to write down the same condition in the language of 



27 If they have isolated zeros, the closed set of the zeros, which is an invariant subset, can 
be excluded from the manifold. The case in which some component of T vanishes has been 
discussed in Ref. 54 . 
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coordinates. If {x l , ...,x m ), m = (dim(A^)) are local coordinates, and T and T 
are given by: 

dx l dx l 

then: 

dx k 3 dxi J dx l 



T = T l jdx ] ®—; r = r i ^- 7 (2.72) 



£ r T = ^ £ r r j - —^T* ,+T* k —\ dx* ® ^- (2.73) 



and hence invariance under L implies the matrix equation: 



£ r T=: — T= [C,T] (2.74) 



C=\\C\\\; &,=:—, (2.75) 



where, with abuse of notation, we have denoted by T the m x m matrix: T 

\\T l j 1 1 and: 

while [.,.] denotes the usual commutator among matrices. Whenever two ma- 
trices C and T satisfy Eqn. (|2.74p they are said to form a Lax pair |122[ 11231 
fT24llT52l[22lpl . 

Whenever we may define a map /i from M. to a space of matrices such 
that the dynamics is /i-related to a dynamics on the matrix space of the form 
of Eq. (|2.74l) . we say that the original dynamics can be given a "Lax form". 
This is what might be called also a "Heisenberg" form, and has many general 
properties. For instance, the evolution of T ruled by the " Hamiltonian" C is 
clearly isospectral. 

Whenever it is possible to find a map from our carrier space to a space of 
linear operators such that the dynamics on the carrier space may be casted into 
the Heisenberg form we will say that our dynamics may be put into the Lax 
form. As a matter of fact, by using the momentum map associated with the 
symplectic action of the unitary group on the Hilbert space or on the complex 
projective space (see below, Sect 14. 2p . we may relate the Schrodinger picture 
with the Heisenberg picture on the space of observables. 

2.3 From Liouville Integrability to Invariant Structures 

Reversing somehow our path, let's start by considering a dynamical system 
r that is Hamiltonian and completely integrable "a' la" Liouville. Hence: 
dim(A^) = n. Introducing action-angle variables (ii, ..,/„; (f) 1 , .., </>") in the 
neighborhood of an Arnold- Liouville torus T n , we will have: 

dh Adl 2 A... A dl n t^O (2.76) 



28 We should notice that Eq. l|2.74ll depends on the coordinate system we are using, and 
therefore has no intrinsic meaning. 
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and the condition that the Hamiltonian H be a function of the action variables 
alone can be written as: 

dU A dl x A ... Adl n = (2.77) 

The symplectic form can be written as: 

n = Y, d< t> k A dI k ( 2 -78) 

k 

and the vector field T in action-angle variables will be given by: 

Assume first that the Hamiltonian is separable: 

U = Y,Uk (h) (2.80) 

k 

Then the class of (1, 1) tensor fields defined by: 



T = ^A fe (4)|d4.®A + ^ _^_ 



(2.81) 



with the Afc 's arbitrary functions with nowhere vanishing differential has all the 
required properties. Indeed: 

• It is invariant under the dynamics; 

• It has doubly degenerate eigenvalues and: 

• It has vanishing Nijenhuis torsion. 

This last property can be checked directly by testing Eqn. (12.29[) on: (X, Y) = 
(d/dl h ,d/dl k ),(d/dl h ,d/d(f> k ) and (d/d<p h ,d/d()> k )m. 

A second case in which an invariant (1,1) tensor can be constructed is the 
"non-resonant" case, i.e. when the Hamiltonian has a non- vanishing Hessian: 



dot 
This means, of course: 



d 2 H 



dl h dl k 



i= (2.82) 



duj 1 Ada; 2 A... Ada;" ^0 (2.83) 

Solving then for the J's as functions of the w's, we can use the ui'a as new 
coordinates and introducer 9 ! a new symplectic structure: 

~ d 2 W 

fl = V dco k A dc/) k = V „ r n dl h A d(j> k (2.84) 

k hk 



9 This change of variables need not be a canonical transformation. 
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and r will be Hamiltonian with the separable Hamiltonian: 

H= 1 -J2(" k ) 2 ( 2 - 85 ) 



2' 

k 



The class of (1,1) tensor fields will be given now by: 

T = J> (^) {du k 9 J^ + df 9 ^} (2.86) 

Complete integrability is also known to be related to the existence of re- 
cursion operators [S31 11201 11791 1239) . A brief account of the latter is given in 
Appendix B. 
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3 Alternative Structures for Classical Systems 

3.1 Preliminaries. A cursory look at the Inverse Problem 
in a classical context 



After having examined briefly in the previous Chapter the problem of the inte- 
grability of a classical dynamical system, and before turning to the main topic 
of this review, i.e. quantum systemqf3i we restate here in a very cursory way 
what is known in the literature as the " Inverse Problem of Classical Dynamics" . 
Let then V be a vector field on a (smooth) manifold Ai. In a nutshell, the 
Inverse Problem (IP) can be formulated in (at leastl 31 h three different, and often 
related, contexts, namely: 

• I PI: Lagrangian context [Ml [Ml [TSS] . Let then M. be the tangent bundle 
of a smooth manifold Q, i.e. Ai = TQ equipped with tangent bundle 
coordinates (V,i/) such that T G X (TQ) is a second-order vector field 
[1531 . i.e.: 

T=v w +Fi{q > v) ^ (3 - 1} 

The Lagrangian IP amounts then to the following: find all the smooth 
functions C — C(q,v) G T (TQ) such that: 

F J = 7Tf-lT7^7V>, i = l,...,n = dimQ (3.2) 



dv l dv : > dq l dv l dq 3 

It follows that if the Lagrangian C is regular, i.e.: 

d 2 c 



dot 



dv l dvi 



^ (3.3) 



then the Euler-Lagrange equations can be put in normal form and, via 
a Legendre transformation [H 1167] one can go over to a Hamiltonian de- 
scription of the dynamical system on the cotangent bundle T*Q. We will 
not discuss this setting of the IP any further, and refer for a full account 
of it to the literature |184) . 

• I PI: Hamiltonian context. Let instead M. = T*Q for some smooth man- 
ifold Q and L G X (T*Q). The Hamiltonian IP amounts then to finding 
all pairs (w,H) with ui a symplectic form (a closed and non-degenerate 
two-form) and % G J (T*Q) such that: 

i r uj = dU (3.4) 

At a local level, the problem reduces to finding all the closed and non- 
degenerate two- forms u such that: 

Ctlo = (3.5) 



30 What we mean exactly by a "quantum" system will be specified in the next Chapter. 
31 We will not consider here the Hamilton-Jacobi form of Classical Dynamics, but see 1 1581 
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with Cr denoting the Lie derivative w.r.t. T, which is a system of coupled 

PDE's in | J = 2n 2 — n unknowns 32 !. As a simple example, in 

a neighborhood U C M in which T ^ and defines a flow-box (the 
" straightening- up-of-the-flux" theorem [4] holds) we can find coordinates 
(xq } X\, ...,X2n-i) such that T = d/dxo and hence the problem has infinite 
solutions: 

u = dx a Adf + Oijdf A df j (3.6) 

with: etij = ~a-ji € K, det||a.y| 7^ and: df/dx = dp/dxo = 0, 
rfxo A d/ A d/ 1 A ... A df 7^ 0, and any such / will be an acceptable 

Hamiltonian (£pw = d/). 

• JP3: Poisson context [3SJ [HS]- -M is assumed here to be a Poisson man- 
ifold |167j . In local coordinates x l , i — 1, ..., dimAf, and the IP in 
this context amounts to finding all pairs ({;},H) with {.,} a (possibly 
degenerate 33 !) Poisson bracket and H € F{M.} such that: 

{x\H} = —; {{x\H},H}=F*(x,{x\H}) (3.7) 

3.2 The Hamiltonian Inverse Problem for linear vector 
fields 



In view of the fact that what we are interested in this paper is a theory that is 
usually casted in a linear setting, i.e. Quantum Mechanics on Hilbert spaces, we 
will review here 83 the Inverse Problem in the Hamiltonian context for linear 
vector fields, and we will assume: M. = R 2n for some n. In the appropriate 
coordinates, a linear vector field is then a vector field of the form: 



0_ 
dx l 



G 1 ^^ G" j£ l (3., 



and the matrix G l A\ (which represents a (1, l)-type tensor field) will be non- 
degenerate iff the origin is an isolated fixed point of P. 

A Digression on: "Extracting the linear part" of a vector field. In 

general, let A4 be a smooth manifold and T e X (Ai) be a vector field with an 
isolated fixed point at mo € M.: T (mo) = 0. Considering then, for an arbitrary 
vector field Y € %{M) and function / <G F (M.) the quantity Cy (£r/) (wio), 
it is not hard to see that it is linear in Y and, by virtue of T (mo) = 0, in df. it 
defines then a (1,1) tensoio Tr at mo: 

C Y (C r f) (m ) - T T (df, Y) (m ) (3.9) 



32 Notice that, in this as well as in the previous case, A4 has obviously to be an even- 
dimensional manifold. 

33 Which will be certainly the case if M is odd-dimensional. 
34 A r oi a tensor field, in general. 
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Then, the linear part of T at mo, To, will be defined as: 

To = T T (A) 



(3.10) 



with A the Liouville field. 

Indeed, in the domain of a chart (x 1 , ...,x n ) (n — dimA^) with the origin 
at m and: T = rd/dx\Y = Y^/dxh C Y (£r/) = Y'd (Y^df/dx j ) /dx 1 = 
Y i (dY? /dx 1 ) (df/dx j ) + F'P (d 2 f/dx l dx j ) T. But the second term vanishes 
at mo = 0, and hence: 



T r = T j idx 1 



dxi ' ' ~ dx* |m ° 



and: 



' 8Y j \ 8 



(3.11) 



(3.12) 



This is of course what one would have guessed on much more elementary 
grounds. The advantage of the definition p.9[) is that it provides a tensorial 
characterization of the linear part of a vector field at a critical point. 



In a shorthand notation we can write Y as: 




T = (Gx, d/dx^j 


where: (Gx) 4 = G % jx 7 , "~" stands for the transpose: 




d/dx 1 




8 
dx 


d/dx 2n 





(3.13) 



(3.14) 



and: (a, b) —: a l bi. 

A symplectic form can be written as: 

1 



-Vljidx 1 A dx 
2 ° 



(3.15) 



and the matrix: tt= ||Qjj || will be (pointwise) skew-symmetric and non-degenerate. 
uj will be said to be a constant symplectic form iff the fi^-'s are constant. If: 



fi 



Vnxn ^nxn 



(3.16) 



uj will be said to be in the canonical (or Darboux) form. If Y is linear and 
Hamiltonian w.r.t. a constant symplectic form, then the Hamiltonian is forced 
to be a quadratic function, i.e.: 



H 



1 



_lJ i n iXj J-/ ■ J^L i ') tZ 



(3.17) 
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Remark 7 The above is clearly a coordinate-dependent definition of a quadratic 
function. A coordinate (and dimension) -free characterization of quadratic func- 
tions, and one that is more suitable in the case of (infinite- dimensional) Hilbert 
spaces, can be given as follows. A mapping: "H : V — > V with V, V' vector 
spaces (over a field IK, with K = R or C) is quadratic (a quadratic function if 
V = M or C) if: 



U i\x) = X 2 n (x) , VieV, AeK (3.18) 



and: 



b (x, y) =:H(x + y) - H (») - ft (y) (3.19) 

is a bilinear mapping for all i,i/eV. 

Remark 8 Notice that, while G is a (l,l)-type tensor (it "maps vectors to 
vectors") £1 and W = \\Hij\\ are (0,2)-type tensors (they "map vectors to cov- 
ectors" (and viceversa in both cases)). This difference manifests itself in the 
transformation under a general change of coordinates. If: x l — T % jy' 3 , then: 

G -> G' = T _1 GT (3.20) 

while (T standing for the transpose ofT): 

-> n' = TOT, H -> H' = f HT (3.21) 

('t/ie difference is not apparent when T _1 = T. i.e. T is an orthogonal transfor- 
mation, TeO (2n)). 

Restricting from now on to linear vector fields and constant symplectic struc- 
tures, and omitting the superscripts and suffixes "0", if A is the Poisson tensor 
{{x\x 3 } = K ij , K ij tt jk = 5 i fc ), then if T = G i j x i d/dx i is Hamiltonian w.r.t. 
uj = (1/2) Qijdx 1 A dx J , this implies: 

QG = -H (3.22) 

and, equivalently: 

G = -Aif (3.23) 

Hence: Looking for a Hamiltonian description w.r.t. a constant symplectic 
structure for a linear vector field T is therefore equivalent to looking for the 
decomposition of the representative matrix G into the product of an invertible 
skew- symmetric matrix A and a symmetric matrix H . The former will provide 
a (non-degenerate) Poisson structure, the latter a Hamiltonian adapted to the 
given Poisson structure^. 



35 A will be a (2, 0)-type tensor, and under a general linear change of coordinates (see above) 
will transform as: A -*■ A' = T~ 1 A(T- 1 ) . 
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At this point we can make contact with the discussion of ChfTJ where we 
dealt with linear Hamiltonian vector fields on a finite-dimensional Hilbert space. 
There it was shown that the Hermitian structure gives rise to both a metric 
tensor and a symplectic form, and that the two are compatible in the sense that 
they are connected to one another by a third structure, the complex structure J. 
Here too we can reconstruct a (compatible! 36 !) complex structure starting from 
the tensors A and H , at least in the case when H is positive-definite. If such is 
the case, we can find, as already discussed elsewhere, a system of coordinates 
in which the vector field Y is given explicitly as a sum of independent harmonic 
oscillators with proper frequencies V\, ..,v n (possibly not all distinct): 



r 



E^ 



(0). r (0) 



j i-\-n 



d 

dxi 



d 



dx 



(3.24) 



i+n 



i.e.: 



G = 



— V 



V 

Uuxn 



where: v = diag (yi, 



), with the standard Poisson tensor: 



A - -A — — 

2 l] dxi dxj 



whose representative matrix will be: 



A = |Ay| = 



and Hamiltonian: H 
field: 



(x 2 



(1/2) Ei"i[x 

r (o) 



J i+n 



(3.25) 



(3.26) 



(3.27) 



I. It is now clear that the vector 



E r 



(0) 



will be Hamiltonian with a new Hamiltonian: H' = (1/2) J^i ( x f 
that, in terms of the representative matrices: 

(KH'f = -I 



"i+n 



(3.28) 
and 

(3.29) 



i.e. that the (1, 1) tensor AH' (whose representative matrix will coincide with 
the matrix (I3.27[l ) will provide the required complex structure. 

Some (necessary) consequences of Y being Hamiltonian have been drawn in 
Ref.|83], namely: 

1. As G = HA = A (A _1 iJA) , G is a representative of a vector field which is 
Hamiltonian w.r.t. the same Poisson structure with Hamiltonian: — A _1 iZA. 
Indeed, in the basis in which A has the standard form, i.e.: 



A 



Or, 



(3.30) 



3 See Ref.plO] and the following ChQ 
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A -1 = —A. Hence: — A _1 iiA = AHA, which is symmetric. Notice, 
however, that in general G and G will not commute, nor will then the 
associated vector fields. 

2. G 3 = -AH AH AH = A (HA) H (-AH) = A (gHg) . More generally, 
G 2k+1 can be written as: 

G 2k+i = _^H...AH = -AH A.. .HAH AH. ..AH (3.31) 



2k+l 



i.e.: 



G 2k+1 = - (-) k A (G k HG k ) (3.32) 



Hence: G 2k+1 will represent a Hamiltonian vector field Tk with the Hamil- 
tonian: 

' \™ I r^k Tj /~ik 



n k = -(-r (G k HG k ) x l x J -n Q ^n (3.33) 

2 V / ij 

w.r.t. the same Poisson structure. As the correspondence between ma- 
trices and linear vector fields is a Lie algebra homomorphism, all these 
Hamiltonian vector fields will commute pairwise. As the correspondence 
between linear vector fields and Hamiltonian functions is a Lie algebra an- 
tihomomorphism 37 ]. in the linear case T-Lk will be a constant of the motion 
for Yy Vfc, k' , and they will be pairwise in involution 3 ®]. 

Remark 9 If G is generic (and Hamiltonian) , we will generate in this way also 
a maximal set of (i. e. n) constants of the motion pairwise in involution, and T 
will be completely integrable a' la Liouville. 

Hi) As: G = HA = A- 1 (AH) A = A^(-G)A => TrG = it follows that: 

TrG 2k+i =Q y k (3 34) 

Notes. 

a) That this is a necessary condition for the representative matrix of a 
Hamiltonian vector field is pretty obvious. Indeed, for any vector field T on 
a symplectic 2n-dimensional manifold, the divergence of T is defined by: 

£rw" =: (divT) w" (3.35) 

where w is the symplectic form and w™ the symplectic volume. If the flow 
associated with T is Hamiltonian, it must be volume-preserving (Liouville's 



37 The Lie algebra on functions being defined by the Poisson bracket. Recall that: {/, g} = 
iXgiXfU = Lx„f = —Lx f g, with Xf,X g the associated Hamiltonian vector fields, and that, 
for any two vector fields X and Y: ii x Y ] = Lxiy ~ ix^Y- Therefore: i\x f x ]^ = — d{f,g}. 

38 Notice that, in general (see the previous footnote): ir x x iu = — d{f,g} and that, 

therefore: [X^,X 9 ] = only implies in general: {/, g} = const. For linear vector fields, 
however, both / and g will be quadratic functions. The Poisson bracket {/, g} will be quadratic 
as well, and it will be constant iff it vanishes. 
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theorem [3]), and this implies: divT = 0. But it is easy to prove that, for 
a linear vector field and for a constant symplectic structure: divT = TrG. 

b) The vanishing of the trace of odd powers of G implies that the charac- 
teristic polynomial P (A) will contain only even powers of A (i.e. P(X) will be 
actually a polynomial in A 2 of degree n). Real roots will appear then in pairs 
(A, —A) and (the coefficients of P (A) being real) complex roots will appear in 
quadruples (A, A, —A, —A). 

c) If T is an invertible matrix: 



T~ l GT = -T- 1 (AH) T = - r^A^T- 1 ) THT (3.36) 






Then, if T is in the commutant of G ( [T, G] = 0) we find a new Hamilto- 

nian description (H 1 = THT) with a new Poisson structure (A' = T -1 A(T -1 )) 

provided: T~ 1 A(T~ 1 ) ^ A. This implies that T be not a canonical transfor- 
mation. Any "non- canonical" matrix T in the commutant of G will provide a 
new Hamiltonian description for the same vector field. 

Powers of G are of course in the commutant of G. From: flG = — H we 
obtain (H being symmetric and VL skew-symmetric): GVt = H and hence: 

GVL = -CIG (3.37) 

It is then easy to prove that, in general: 

G h n = (-) h flG h (3.38) 

Indeed, this holds for h = 1. By induction: G h+1 n = (-) h &nG h = (-) /l (-OG) G h 

{-) h+1 nG h+1 . 

As (fi being skew-symmetric): 



nG h = -(G h n) (3.39) 

this result implies: 

G h n={-) h+1 (G h n) (3.40) 



and hence G CI will be symmetric for h odd (and, indeed, for h = 2k + 1, 
G 2k+1 fl = —T-Lk) and sfcew-symmetric for even h = 2k. Moreover: 

G{G 2k fl) = -{G 2k fl)G (3.41) 

i.e. G 2k il will be an admissible skew-symmetric factor in the decomposition of 
G. 

A slightly different way |135j to exploit even powers of G to generate alter- 
native Hamiltonian descriptions is as follows (basically, we are reverting from a 
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finite to an infinitesimal description). Let, e.g., T( 2 ) be the linear vector field 
associated with G 2 , i.e.: 

T (2) = (G 2 )' ^A (3.42) 

If the Poisson structure is given by: 



then: 

d_ _d_ 

dx % dxi dx l dxi 



£ r(2) A = - (G 2 A)- ^-A^- = - (AHAHAf £ A ° (3.44) 



Notice that G 2 A = AH AH A is manifestly skew-symmetric. Therefore £r (2) A, 
if it does not vanish, defines a new Poisson structure: 



1 , . „. „.„.i _d_ _d 
dx l dxi 

and Poisson brackets: 



A (2) = - {AHAHAF — A —, (3.45) 



{f, 9 } (2) = (AHAHAf g|| (3.46) 

The new Poisson structure will be non-degenerate iff both A and H are 
invertible, i.e., as G = —AH, iff G is invertible. Requiring then that there exists 
a new Hamiltonian V.i%) s.t. T is again Hamiltonian w.r.t. the new Poisson 
structure, i.e.: 

{x\U {2) } = {A {2) f d ^L = &^ (3.47) 

together with G = — AH leads to: 



u 



( 2 ) = ^( 2 )«arV; # (2) = (AHA) 1 (3.48) 

If G is not invertible, then one can proceed by exponentiation |83l 1135) . 

Example 10 We have seen in Ch.l how the dynamics of a quantum system 
separates into that of a set of non-interacting harmonic oscillators. All finite- 
level quantum systems can be written as a family of harmonic oscillators with 
frequencies related to the eigenvalues of the Hamiltonian. It is therefore appro- 
priate to consider here again the harmonic oscillator. For this system the above 
procedure (i.e. taking Lie derivatives of the Poisson structure) provides alterna- 
tive Hamiltonian descriptions. Proceeding instead as in the previous discussion 
with T = G 2 and: 



G 









1/m 














1/m 


mflf 














— mfl 2 









(3.49) 
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and: 



A = 



one finds: 



G 2 = 



and: 



G- 2 AG~ 2 






1 









1 






-1 









-1 









n 2 o 







o -nl 










-9. 2 







-0% 







-1/0? 



o i/nj 



L/fig 









(3.50) 



(3.51) 



(3.52) 



So, but for the isotropic case 0,% = H2 in which G 2 AG 2 and AH AH A become 
proportional, the two approaches appear to be genuinely different. 

Example 11 As a last (almost trivial but explanatory) example let us take the 
most general linear vector field in R 2 = {(x,y)}: 



(ax + by)— + (ex + dy) — 



corresponding to the matrix 

G = 



a b 
c d 



, tt,d,c,(le R. 



(3.53) 



(3.54) 



with TrG 2k+l = if and only if a = —d. Given then the constant symplectic 
structure Q — adx A dy (a € R/.' 



Q = a 



1 

-1 



(3.55) 



r will be Hamiltonian with Hamiltonian: H — aaxy + a (by 2 — ex 2 ) /2, 
corresponding to: H = —JIG. 

Three situations are possible: 



1. The eigenvalues of G are ±A; A = ^/o^ + bc G R. Then there exist coordi- 
nates (x, y) such that the matrix \3.54ty is of the form 



G = 



A 
A 



// we set: 



x = A cosh $ , y = A sinh $ 



(3.56) 

(3.57) 
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the 



Q = dH A d$ 
H=^A 2 . 



(3.58) 



2. The eigenvalues of G are ±i\; A = \/\a 2 + bc\ G R. Then G may be put 
in the form: 

A 
-A 



G = 



We can now define 



A cos $ , y = A sin $ 



(3.59) 
(3.60) 



i/iai allow to write the symplectic form and the hamiltonian as in L3.58\) . 

0, when there exist coordinates 



3. Finally we consider the case a 2 + be 
(x, y) such that G assumes the form 



G 



1 




(3.61) 



Now H = ay 2 /2 



Returning now to the general case, we have seen that a necessary condition 
lor a linear vector field T with representative matrix G to be Hamiltonian is 
that the traces ol odd powers ol G vanish. Whether or not this is also sufficient 
requires a rather long analysis of the decomposition ol G into Jordan blocks [22] , 
lor whose details we refer to the literature, and whose main result is contained 
in the following [83"] : 

Proposition 12 A linear vector field T is Hamiltonian iff the representative 
matrix G satisfies TrG 2k+l = and: 

i) no further condition if the eigenvalues are non- degenerate or purely imag- 
inary, 

ii) for degenerate real or genuinely complex (i. e not purely imaginary) eigen- 
values the Jordan block belonging to a given eigenvalue A has the same structure 
as the block belonging to —A, this meaning that the Jordan block associated with 
the eigenvalue A can be brought to the form: 



G 



iM 







(3.62) 



Hi) zero eigenvalues have even multiplicity. 



This solves the problem of under which conditions a linear vector field is 
Hamiltonian, but does not tell us how many genuinely different Hamiltonians 
(and symplectic structures) are permissible for a given vector field. A more 
stringent result has also been proved in Rcf. 8T and precisely that: 
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Proposition 13 If T has non-complex (i.e. either real or purely imaginary) 
non-degenerate eigenvalues, then it has a minimal family ( a "pencil" \81[ \107^ ) 
of equivalent admissible symplectic forms parametrized by a number of param- 
eters equal to the number of couples (A, —A) of eigenvalues minus one (i.e. a 
(n — l)-parameter family). 

The case in which T has (only) purely imaginary eigenvalues is of particular 
interest for the analysis of (finite-dimensional, for the time being) quantum 
systems. Indeed, we can remark that: 

• If the eigenvalues are purely imaginary, then all the motions of the sys- 
tem will be stable [U [5]. Considering the decomposition: G = —AH of 
Eq. p.23[) . if H is positive, it will define an Euclidean metriq 39 ! and, after 
possibly a rescaling that will be discussed in the next Chapter, A will 
define the Poisson tensor and G will become the complex structure. The 
system will become what we will call a quantum system, and that because 
the evolution is unitary with respect to the Hermitian structure associ- 
ated with G and A. In this sense, as we will see shortly, the analysis of 
this Chapter provides also a way to classify the possible, and alternative, 
Hamiltonian descriptions for quantum systems. 

• With reference in particular to Ch.l, if the (quantum) Hamiltonian H has 
a real spectrum, then (cfr. Eq. (jl.l9|l ) (the realified of) —iH/h will turn 
out to have purely imaginary eigenvalues. Even if H is not Hermitian 
w.r.t. the given Hermitian structure, one can always find [Ml 11751 1220) a 
modified scalar product (see again Ch.l) w.r.t. which H turns out to be 
Hermitian. 

All this material will be expanded and put into use in the next Chapter. 
3.3 Inequivalent Descriptions 

In this section we discuss some methods to obtain inequivalent descriptions for 
a given classical system defined by a dynamical vector field T, not necessarily a 
linear one. 

3.3.1 Alternative Hamiltonian descriptions 



As explained in Appendix A, given any 1-1 tensor T, we can define an an- 
tiderivation dx which acts on functions as 

d T f = T(df) . (3.63) 



39 Or a pseudo-Euclidean one if it is non-degenerate but not necessarily positive. 



4G 



In the sequel we will use extensively this construction with T = J, the complex 
structure. Suppose now that the function F be a constant of motion and that 
the tensor T be invariant under the action of T so that 

L r F = , L V T = . (3.64) 

Then we can define a closed two-form 

cj F = d{d T F) (3.65) 

which is invariant under action of Y since Lyujf — d(LrdTF) and LrdpF = 
because of (|3.64|) . Assuming that cop be non-degenerate, it will define a new 
invariant symplectic structure. To obtain the alternative Hamiltonian function 
H associated to top it is sufficient to notice that: 

= L T d T F = i T d{d T F) + di T {d T F) = i r oJ F + dF(T(Y)) = i r oJ F + d{L T{v) F) . 

(3.66) 
Hence: 

H = -L T{T) F = - (d T F) (r) (3.67) 



Remark 14 The above construction may turn out to be empty if the function 
F is in the kernel of dd F : dd F F — 0. For example, in R 2 sa C with (real) 
coordinates (q,p), take T to be the complex structure : 

J = dp® — -dq®— (3.68) 

dq dp 

which is invariant under the dynamics of the ID harmonic oscillator. Then, it 
is immediate to check that: 

ddjF= {w + w) dqAdp (3 ' 69) 

and hence all the harmonic functions in the plane will be in the kernel of ddj . 

Remark 15 Suppose now that Y — G l jX^-^r be a linear vector field and T = 
T l jdx^ (S> -cpr a constant invariant 1-1 tensor. Then it is not difficult to check 
that top is constant if and only if F is a quadratic function: 

r — —r^jX X , r ij — r ji . yo. I \J) 

In this case, using the matrix notation of sect, \3.2l we have: 

H = ^Hijx'z? , Hij = Hji = ~{FTG) l} - (FTG) Jt , (3.71) 

uj f = -il^dx 1 A dx 3 , Oij = -Qji = {FT) l} - {FT) Jt . (3.72) 



47 



Using the fact that Eqs. J 3. &4\ ) are equivalent to the conditions: (FG)ij — 
— (FG)ji and (GT) 1 j = {TG) 1 j, one can show that, as it should be, the relation 
QG = —H is trivially satisfied. 

As an example, let us consider the two-dimensional isotropic harmonic os- 
cillator whose dynamics is described by the vector field 



dq a dp a 



(3.73) 



where the summed-over index a assumes the values: a = 1, 2. We will take for 
T the complex structure of the phase space M 4 , i.e: 



T= J = dp a ®- dq a (g> — 



dq a 



QpO, 



Thus the representative matrices will be: 




0-10 




G = 


0-1 
10 
10 


, T = 






1 











1 











-1 









With T = J we have: 



J ( r ) = A ^V +p V 



(3.74) 



(3.75) 



(3.76) 



with A the dilation (Liouville) field associated with the standard linear structure 
4 and: 



on 

djF = 

as well as 



(FF_ d a _dF^ d a 
dq a dp a 



up = ddjF 



( d 2 F d 2 F 



H 



-Lj(t)F 



\dq a dq b dp a dp l 



L^F 



dq a A dp b 
(3.77) 

(3.78) 



for any function F = F (q, p) . 



It is well known that a basis of constants of motion is given, for example, by 
the four independent functions 



F a = \[{p l ) 2 + {q l ) 2 + {p 2 ? + {q 2 ?} 



F 3 = | 



-,2\21 



(p\) a + (9T-(pT-(<r) 



1 2 

q p 



q 2 p 1 } 



(3.79) 



All four functions being quadratic! 40 !, the above construction yields then the 
following four alternative hamiltonian descriptions: 



H = 
Hi = 2 
H 2 
H, 



„2\2 



, dp 1 ) 2 + (q 1 ) 2 + (p 2 ) 2 + (q 2 ) 

t ^1)2 + (g l )2 _ {p 2 ? {q 2 ? 



P 1 p 2 
1 9 

q p 



q x q 2 

2 1 

q p 



uj = dq 1 A dp 1 + dq 2 A dp 2 
Wi = dq 1 A dp 1 - dq 2 A dp 2 
u; 2 = dq 1 A dp 2 + dq 2 A dp 1 
lu 3 = -dg 1 A dg 2 + dp 1 A dp 2 



(3.80) 



D L A F; = 2Fi for i = 0, 1, 2, 3. 
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Both the Liouville field A and the complex structure J are associated with 
the standard linear structure on K 4 . As we will now see, this observation may be 
exploited to obtain alternative Hamiltonian descriptions by defining inequivalent 
linear structures on phase space. 

3.3.2 Inequivalent Descriptions from Alternative Linear Structures 

We recall here [55] some known facts about the possibility of defining alternative 
(i.e. not linearly related) linear structures on a vector space and/or of using the 
linear structure of a vector space to endow with a linear structure manifolds 
that are related to the given vector space. 

Let E be a (real or complex) linear vector space with addition + and mul- 
tiplication by scalars •, and a nonlinear diffeomorphism: 

(j):E^E. (3.81) 

We can define a new linear structure if we define: 

• Addition of u, v S M as: 

M + (0)U =:0(0- 1 (u) + 0- 1 («)). (3.82) 

• Multiplication by a scalar A £ R or C of m e M as: 

A- (0)M =:0(A0- 1 H)- (3-83) 

Obviously, the two linear spaces (E, +,•) and (E, +(^), - (<^)) are finite dimen- 
sional vector spaces of the same dimension and hence are isomorphic. However, 
the change of coordinates defined by (j) that we are using to "deform" the lin- 
ear structure is a nonlinear diffeomorphism. In other words, we are using two 
different (diffeomorphic but not linearly related) global charts to describe the 
same manifold space E 

Within the framework of the new linear structure, it makes sense to consider 
the mapping: 

t:MxM->M, ^(u,t)=:e t - (4 , ) u-.u(t), (3.84) 

that defines a one-parameter group as it can be easily checked. Its infinitesimal 
generator, the dilation (Liouville) field, is given by 



A( U ) 



d , . 
dt U{t) 



^(eV- 1 ^)) 



(3.85) 
t=o 



Jt=0 

As an exampkl 4 x l consider T*M. with coordinates (q,p) and linear structure 
defined by the dilation field: 

a =4 + 4 (3 - 86) 



More examples may be found in Ref. 66 . 
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which is such that i^u — qdp — pdq with respect to the standard symplcctic 
form lu = dq A dp. 

As it is well known the dynamics of the ID harmonic oscillator is described, in 
appropriate units, by the vector field: 

T =4 q -4p> (3 ' 87) 

which is w-Hamiltonian: i^u = dH with Hamiltonian: H = [q 2 + p 2 ) /2. We 
can also define the complex structure: 

J = dp® — -dq® — (3.88) 

dq dp 

which is such that: 

J 2 = -I, J (A) =T, J (r) = -A (3.89) 

The composition of the symplectic and the complex structures gives rise to a 
compatible |160j metric tensor g: 

UJoJ=:—g, g = dq® dq + dp® dp (3.90) 

Notice also that the complex structure and the Hamiltonian are connected 
by: 

oj = -ddjH (3.91) 

Let us consider now the nonlinear change of coordinates on T*M. [174] : 
(q,p)-*(Q,P) with: 

Q = q(l + f(H)) (3.92) 

P = P (l + f(H)). (3.93) 

Under very mild assumptions on the function / (H) the mapping (|3.93[) will 
be smooth and invertible with a smooth inverse. One might assume, e.g., that 
/ (•) be nonnegative and monotonically increasing for positive argument. With 
the dynamics given by Eq. (|3.87j> . it is immediate to check that: 

L T Q = P 1 L T P = -Q (3.94) 

Hence, although the two coordinates ystem are not linearly related, the vector 
field r will be given, in the new coordinate system, by: 

T = p -k- Q ^rr (M5) 

which will be again Hamiltonian with respect to the symplectic form u>' = 
dQ A dP with H' = (Q 2 + P 2 ) /2 = H (1 + / (H)f as Hamiltonian. Now the 
new Liouville field A', defined via za'w' = QdP — PdQ, is given by: 
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Notice also that we can define a new 1-1 tensor (the new complex structure): 

J ' = dp ® do ~ dQ dF ' (3 ' 97) 

which is again such that J'(T) = — A'. J' and u/ will generate then the new 
metric tensor: g' — dQ®dQ+dP®dP . Thus, following the construction outlined 
in the previous section, we might have obtained this alternative description of 
the dynamics of the one-dimensional harmonic oscillator also by setting: 

T = J' , (3.98) 

J = ]rdd.,,H' . (3.99) 

One obtains in this way a new linear structure, which is in some sense "adapted" 
to the chosen Hamiltonian description. 

Finally, we observe that the above construction to obtain alternative de- 
scriptions may be easily generalized to the n-dimensional harmonic oscillator by 
defining 

u ' sa - d (w) Ad {w) (3 - 100) 



and 

1 l/rlF\ 2 / r)F\ 2 

(3.101) 



Hp — —ot a , 

2 \dp a / 

where F is a constant of the motion such that up is non-degenerate. 

3.3.3 Alternative Lagrangian Descriptions Coming from "Adapted" 
Linear Structures 

Switching now to the Lagrangian framework, we recall [186] that a regular 
Lagrangian C will define the symplectic structure on TQ: 

uc = d9 c = d (|£) A tf; C = ( J£) dq\ (3.102) 

We look now |155) for Hamiltonian vector fields Xj, F J such that: 

iXjOJc = -d f q-j J , iyiu c = dq J (3.103) 

Explicitly this implies: 

L Xi <t = q, L Xj §£=0, (3.104) 

dC 

du l 



L YJ q i = 0,L YJ -§£=5i, (3.105) 
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Using then the identity i[z,w] = Lz °iw — i\v ° Lz, and the fact that the Lie 
derivative of the Hamiltonian of every field of the set (|3.103[) with respect to 
any other of the fields is either zero or a constant (actually unity), one can show 
that: 

*[z,w]W£ = whenever [Z, W] = [X U X 3 ] , [X h Y*] , [Y\Y^] , (3.106) 

which proves that: 

[X tl X 3 ] = [X it Y*] = [Y*,Y*] = 0. (3.107) 

This defines an infinitesimal action of an Abelian Lie group on TQ. If this 
integrates to an action of the group M. 2n (dim Q = n) that is free and transi- 
tive, this will define a new vector space structure on TQ that is "adapted" to 
the Lagrangian two-form cue- More explicitly, defining dual forms (a% ft) via: 
a 1 (Xj) = 8), a 1 (F J ) = 0; ft (F J ) = SJ, ft (X,-) = 0, it is immediate to see 
that: 

a* = dq l (3.108) 

ft = d(J£) (3.109) 

and that the symplectic form can be written as: 

W£=ftAa\ (3.110) 

Basically, what this means is that, to the extent that the definition of vector 
fields and dual forms is global, we have found in this way a global Darboux 
chart. 

As an example of this construction, we may consider a particle in a (time- 
independent) magnetic field B = V x A. The corresponding second-order 
vector field is given by (e = m = c = 1): 

r = ^A + ^,^s fc A. ( 3.iii) 

The Lagrangian is given in turn by : 

C=-6 ij u i u j +u i A i . (3.112) 

while the symplectic form is: 

uj c = 5 i:j dq l A dv? - i e ijk B l dq } A dq k . (3.113) 

The field T is hamiltonian, the Hamiltonian being given by: 



H=-8 l jU l u J - (3.114) 
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Now it is easy to see that: 



Xl= -_gu.0*. d 



- A 
5 ~W 



dqi du l 



au K 
The dual forms a l ,/3,,« = 1, ...,n = dimQ are given by: 

a 1 = d<f , 



Therefore the mapping 



J = ff* 

zr = u^ + ^Afc, 



(3.115) 
(3.116) 



(3.117) 
(3.118) 



(3.119) 
(3.120) 



provides us with a symplectomorphism that reduces uc to the canonical form 

uj c = dq l Adn l , (3.121) 

where 7ri = SijU^ . We may say that the chart (Q,U) is a Darboux chart 

" adapted" to the vector potential A . 
The Liouville field will b<S then: 



A = Q S 



d 
dQ l 



• '-"^W'- M 



d 
dU~ l 



(3.122) 



Denoting collectively the old and new coordinates as (q, u) and (Q, U) respec- 
tively, Eq. (J3.120I) defines a mapping: 



(q,u)^(Q,U). 



(3.123) 



It is then a straightforward application of the definitions (|3.82[) and (13.83)) to 
show that the rules of addition and multiplication by a constant become, in this 
specific case: 

(Q, U) + w (Q', U') =(Q + Q',U + U'+ [A (Q + Q') - (A(Q) + A(Q'))}) 

(3.124) 
and: 

A - w (Q, U) = (AQ, XU + [A (AQ) - XA (Q)]) . (3.125) 



42 We notice that A depends on the gauge choice. The symplectic form will be however 
gauge-independent 
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3.4 Symmetries and Constants of the Motion for Systems 
Admitting of Alternative Descriptions 

3.4.1 Introduction 

In our setting, according to which the primitive (or the more physically relevant 
|167j ) object is the vector field T describing the dynamics on some carrier space 
Ai , a symmetry will be defined as a one-parameter group of diffcomorphisms of 
the carrier space that maps solutions (i.e. integral curves of T) into solutions. 
At the infinitesimal level, if X G X (Ai) is the associated infinitesimal generator 
of the one-parameter group, this means |167) that it must commute with T, i.e.: 

[X,T]=0 (3.126) 

It is a st raig htforward consequence of the Jacobi identity on the commutator 
bracket thaS 

[Xi,T] = 0, [X 2 ,T] = => [[Xi,X 2 ],T] = (3.127) 

(but not viceversa, of course). Hence: All the vector fields satisfying the condi- 
tion J3.126JI for a given dynamical vector field T close on a Lie algebra, the Lie 
algebra of (infinitesimal) symmetries of T. 

On the other hand, constants of the motion are, as is well known, functions 
/ € T (A4) that are invariant under the flow of T, i.e.: 

L r f = (3.128) 

where Lr is the Lie derivative. A considerable effort is usually devoted in 
textbooks (both in point-particle Mechanics and/or in Field Theory, both ele- 
mentary and more advanced) to try and define a clear-cut procedure allowing 
to associate constants of the motion (i.e. conserved quantities) with symmetries 
(and the other way around). This goes usually through the use of Nother's 
Theorem 44 !, that, for completeness, we will revisit briefly here both in the La- 
grangian and Hamiltonian formulations of point-particle Mechanics. 

3.4.2 The Nother Theorem 

1. Lagrangian Formalism. In this case M = TQ, with Q a base manifold 
with (local) coordinates g 1 ,...,^", n = dim(Q). Before proceeding, we 
recall how vector fields on the base manifold can be lifted to vector fields 
on TQ. Given: 

I = P^-eI(Q), X l eT(Q) (3.129) 

oq 1 



43 This is very much reminiscent of Poisson's theorem of Hamiltonian Mechanics. 
44 See however, e.g., Ref. 1 1861 for the discussion of different approaches. 
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the tangent lift (sometimes called also the complete lift) X c of X is defined 



d^ + {Lr ° Xi) d^ 



X c = X*— + {L Ta X 1 )— e X (TQ) (3.130) 



where the u l 's are coordinates along the fibers and Tq is any second-order 
vector field. 

If £ is a Lagrangian appropriate for the description, via the Euler-Lagrange 
equations, of the dynamics associated with a given second-order vector 
field r, a Mother symmetry [186] is, by definition, a tangent lift X c that 
is a symmetry for T, i.e. such that: 

[T,X c ]=0 (3.131) 

and such that: 

L X cC = L r h (3.132) 

whera 46 !: h — ir*g, g G T (Q) and: tt : TQ — > Q is the canonical projection. 
The Lagrangian will be said to be strictly invariant if h = (i.e. g — 01 47 l. 
quasi-invariant }161j if <? ^ Nother's theorem states then that: 

F X c =: j xc £ - ft (3.133) 

is a constant of the motion. Here: 

Be = |§^ (3.134) 

is the Lagrangian one-form associated with C. In local coordinates: 

dC 

F x <=X l ---h (3.135) 

ou 1 

2. Hamiltonian Formalism. In this case M. = T*Q, the cotangent bundle of 
the base manifold, with local coordinates {q z ,Pi) ,i = l,...,n, equipped 
with the Cartan form: 

6 =p i dq i (3.136) 

and the symplectic structure: 

lu = -d0 = dq l A dp t (3.137) 

Here too there is a standard procedure for lifting vector fields from X (Q) 
to X(T*Q). namely, given a vector field X e X (Q) of the form (|3.129p . 



45 Here, with abuse of notation, we write X 1 for what should be instead 7r* X' , with: tt : 
TQ — > Q the canonical projection. 

46 Of course this is nothing but the familiar statement that, under the action of X c , the 
Lagrangian changes by the total time derivative of a function of the g's alone. 

47 Barring the trivial case h (i.e. g)= const., a second-order vector field does not admit of 
constants of the motion that are functions of the q's alone. 
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the cotangent lift (sometimes called the natural lift) X* of X is given 
by: 

x '= x, i-{w) p >ik^ (T ' Q) (3 - 138) 

and it is easy to show that it is the unique vector field that projects down 
to X on the base manifold and that leaves the Cartan form invariant, i.e. 
such that: 

L X *0 O = O (3.139) 



Remark 16 In a more intrinsic way, both lifts can be defined \1G1^ as the 
infinitesimal generators of the tangent or, respectively, cotangent lift of the one- 
parameter group of diffeomorphisms of Q that has X as its infinitesimal gener- 
ator. 

Remark 17 Symmetries for the dynamics that are (tangent or cotangent) lifts 
of vector fields on the base manifold are also called point symmetries. 

A vector field T £ X(T*Q) is Hamiltonian if there exists a (Hamiltonian) 
function H e T {T*Q) such that: 

i T u a = dH (3.140) 

Given then a function F <E T (TQ), let Xp be the associated Hamiltonian vector 
field (not necessarily a cotangent lift), i.e.: ix F ^o — dF. Then: 

Lx F H = ix F dH = ixpiv^a = -ivix F ^o = -i T dF = -L V F (3.141) 

Hence: 

L r F = Q^L XF H = (3.142) 

Therefore, if Xp is a symmetry for the Hamiltonian (i.e.: Lx F H = 0), then F 
will be a constant of the motion and viceversa. Moreover, using the identity 
[US]: 

i[x ,Y] = ix ° L Y - L Y o i x (3.143) 

valid for any pair of vector fields, it follows that, if X is at least locally Hamil- 
tonian (i.e.: Lx^o = 0), then: 

dL x H = L x ir^o = -i[x,r]Wo (3.144) 

Hence, if X is a symmetry for the Hamiltonian, and as ojq is non-degenerate: 

L x uj a = and L X H = => [X, T] = (3.145) 

i.e. X is also a symmetry for the dynamics. The converse however is not true 
|167j : from: [X, T] = one can only infer that: LxH = const., i.e. X need not 
be a symmetry for the Hamiltonian. 
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So far for the standard derivation of the Nother Theorem. As a simple 
example, considering, e.g., the 3D harmonic oscillator with the standard La- 



or the corresponding Hamiltonian 



grangian: £ = (1/2) £Li [(«*)- («*)' 

leads to the well-known association of (strict) rotational invariance (of the La- 
grangian and/or of the Hamiltonian) with the conservation of angular momen- 
tum. 

The motivation for having gone here to some length through essentially stan- 
dard material has been to emphasize the crucial role that " intermediate" struc- 
tures such as the Lagrangian or the Hamiltonian, as well as the symplectic struc- 
ture, play along the way that leads to the association of symmetries with con- 
stants of the motion. When these "intermediate" structures are not unique, as 
it happens when more non-equivalent (Lagrangian (on TQ) or Hamiltonian (on 
T*Q)) descriptions are available [551 1171 H301 H551 H5S1 H5S1 [1551 [TM1 IT561 1200) . 
the connection becomes more ambiguous, and different (non-equivalent) de- 
scriptions of the same dynamical system may lead to the association of different 
constants of the motion with the same group of symmetries, or of the same 
constants of the motion with different groups of symmetry or to no association 
at all, as we shall discuss now. 

3.4.3 Alternative Descriptions and Symmetries in the Lagrangian 
Formalism 



We will consider here some simple examples: 

1. Let Q = K 3 , and let L be the dynamics of an isotropic harmonic oscillator 
(with unit mass and frequency for simplicity). Then it is immediate to 
show all the Lagrangians of the form: 

C B = ±B fj (u l u j - gV) (3.146) 

where: B = \\Bij\\ is a real and (necessarily) symmetric matrix are ad- 
missible Lagrangians for the isotropic harmonic oscillator, and, moreover, 
regular ones iff the matrix B is non-singular. By "admissible" we mean 
obviously that the Euler-Lagrange equations associated with any one of 
the Lagrangians (|3.146l) reproduce the dynamics of the isotropic harmonic 
oscillator. As we can always diagonalize B with the aid of an orthogo- 
nal transformation, we can limit ourselves to considering only either the 
standard Lagrangian: 



C = C 1 +C 2 + C 3 ; & = - 



(«') -(<f)j,* = M,3 (3.147) 

or (up to an overall sign and an overall factor) : 

£' = £i + C 2 - £3 (3.148) 
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Now, it is obvious that the Lagrangian (|3.147p is (strictly) invariant un- 
der the (lifted) action of O (3), while the Lagrangian (|3.148|) is (again, 
strictly) invariant under the (lifted) action of O (2, 1), the Lorentz group 
in (2 + 1) dimensions. As it can be proved |186) that, in any number n of 
dimensions, the most general group of point symmetries for the dynamics 
of the isotropic harmonic oscillator is GL (n, M), the above two groups are 
groups of Nother symmetries. While invariance under O (3) associates, via 
Nother's theorem, the three components of the angular momentum with 
the three generators of the group if the Lagrangian (|3.147p is chosen as 
the Lagrangian of the system, in the case in which one chooses C as the 
Lagrangian the situation is different. The three generators of O (2, 1) are 
given by the tangent lifts of the vector fields: 

x ' =q3 w +ql w> X2=q3 w 2+q2 w J=ql w 2 ~ q2 w (3 ' 149) 

While Xi and X 2 correspond to "boosts" in the q 1 and q 2 directions, J 
represents ordinary rotations in the (q 1 — q 2 ) plane. They close on the 
Lie algebra (2, 1), namely: 

[X U X 2 ] = J, [X 1 ,J]=X 2 , [J,X a ]=X 1 (3.150) 

and the same will hold true for the tangent lifts X%, X^ and J c . 

Applying now Nother's theorem we find the following constants of the 
motion: 

Fi =: ix t 0c> = TV - A 3 ; F 2 =: i x .0 a = gV - q 2 u 3 (3.151) 

while, as before: ijoQc = q l u 2 — q 2 u l . Therefore, we find that the angular 
momentum is the (vector) constant of the motion associated not with the 
rotation group but instead with the Lorentz group O (2, 1). 

2. Suppose however that we want to look for infinitesimal (strict) symmetries 
of the Lagrangian (|3.146[) without performing changes of coordinates (i.e. 
without diagonalizing the matrix B). We will consider here only linear 
vector fields that are generators of point symmetries, i.e. vector fields of 
the fornS 

dq % du 1 



X = A% Ai 3 — + u3 —) ( 3 - 152 ) 



for some matrix A = LA* j € End(Q). Then: 

L X C B = (BA) jk (u^u k - qiq k ) (3.153) 

and strict invariance requires: (BA)- k + (BA) k - = 0, i.e. (as B is symmet- 
ric): 

A l B + BA = (3.154) 



48 This is the case of the symmetries l|3.149|l . 
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which means that the matrix AB has to be antisymmetric. For example, 
with the Lagrangian (J3.148P : B = diag (1, 1, — 1) and, e.g. for the first 
symmetry X 1 of Eq. ([?T2"2"|) : 



.4 









1 











f 









(3.155) 



(A = A 1 ) and it is easy to check that the condition (|3.154p is indeed 
satisfied. 



By assumption, the matrix B in Eq. (|3.146p can be diagonalized with the 
aid of an orthogonal transformation: B = OB'O 1 with B' diagonal and: 
OO l = O l O = Id. Then it is easy to see that Eq. (|3.154l) becomes: 



A l B' 



B'A' = Q (3.156) 



with: 



A' = O l AO (3.157) 

defining the transformed infinitesimal symmetry in the new coordinate 
system. 

3. Consider, as a further example, the (isotropic) harmonic oscillator in 2D. 
Apart from the standard Lagrangian {C = C± + £2 in the notation of 
Eq. (|3.147p ) we may consider the (regular) Lagrangian: 



£' = uW 



<?y 



(3.158) 



This Lagrangian is (strictly) invariant under the "squeeze" transformation, 
i.e. the tangent lift of the one-parameter group: 



whose infinitesimal generator is: 



.1 d 



,_d_ 
dq 2 



that lifts to: 



S c 



,1 d 2 d , „.l d „,2 d 



dq 1 dq 2 du 1 du 2 

Nother's theorem yields then the constant of the motion: 



F 



is'Va 



q X u 2 



q 2 u X 



(3.159) 

(3.160) 
(3.161) 
(3.162) 



Hence: with the Lagrangian C angular momentum is associated with in- 
variance under squeeze. 

1 



In the notation of the previous example, here: B 



1 



<j\ and: 



.4 



1 
-1 



0-3, and, again, they satisfy the condition (|3.154[) . 
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4. The Lagrangian (|3.158[) can be diagonalized via a rotation of 7r/4 to new 
coordinates: 



Qi = «! + £, Q* = ql - q2 



(3.163) 



v/2 ' V2 

(and similarly for the velocities), whereby the Lagrangian becomes (cfr.Eqs. (|3.147p 
and (|3Tng|l ): 

C -> £1 - £ 2 



Now, the "squeeze" transformation (|3.159[) becomes: 



cosh £ sinh t 
sinh i cosh t 



whose infinitesimal generator is: 



X = Q< 



d 



dQ 1 ^ dQ 2 



,1 d 



(3.164) 



(3.165) 



(3.166) 



(corresponding to the matrix: A — a{) i.e., as expected, a (the unique) 
Lorentz boost with the parameter t playing the role of the rapidity of the 
boost. 

3.5 The Transition to the Hamiltonian Formalism 



3.5.1 Preliminaries and Recollections 

Restricting ourselves for simplicity to dynamical systems described by regu- 
lar Lagrangians, we recall |167j . [186] that the Euler-Lagrange equations for the 
second-order vector held T associated with a regular Lagrangian C can be writ- 
ten, in intrinsic terms, as: 

L T e c ~dC = Q (3.167) 

where: 

(3.168) 






du l 
is the Lagrangian one-form or in the equivalent, "Hamiltonian" form: 

i r n c = dE c (3.169) 

where: 

n c -■ -d9 c (3.170) 

is the " Lagrangian two- form" , which is symplectic if C is regular, and: 

E c =:i v 9 c -C (3.171) 

is known [167 , 186 as the "energy function" associated with the Lagrangian C. 
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The transition to the Hamiltonian formulation on T*Q is accomplished, as 
is well known [167] . with the aid of the "fiber derivative" (or "Legendre map"): 
FC:TQ^ T*Q that is defined by: 

FC : (q\u l ) h-> {q\ Pi = dC/du l ) (3.172) 

If, as assumed here, the Lagrangian is regular, the fiber derivative is invert- 
ible and has the following properties (see Ref. |186j for details): 

• (FC)„ 9 C = 9 and: (FC)„ n c = w 

where (FC)^ denotes the "push- forward" associated with the fiber derivative, 



i.e.: (FC), = ((FCy 1 ) ; 



• Via push-forward, the vector field L is mapped onto a vector field L G 
X (T*Q) that is Hamiltonian with respect to the canonical symplectic 
form wo with an Hamiltonian H given by: 

H=:{FC) st E c = E c o(FCy 1 (3.173) 



• 



Explicitly (and locally): 



f=dJL± _8_H ± 
dpi dq l dq l dpi 



All this can be summarized in the following scheme: 

(I\ fl c , dE c ) ^4 (f , lo q , dH^j (3.175) 

3.5.2 Consequences of the existence of alternative descriptions 

It is clear that the transition to T*Q summarized in the scheme (|3.175|) will be 
non-ambiguous and unique if and only if, apart from trivial equivalencies, the 
Lagrangian is unique. 

When more than one Lagrangian description is available, the situation can 
become more involved. To be more specific, let, say, C^ and C^ be two alter- 
native Lagrangians for the same dynamical system, L, on TQ. Each one defining 
its own fiber derivative, we can obtain different Hamiltonian descriptions on T*Q 
with different vector fields and Hamiltonians but the same symplectic structure 
(i.e. wo) using alternatively the two fiber derivatives according to the scheme: 

Sl £W ,dE £ n F -^ L« dH^ 

/■ \ /■ 

Y uj (3.176) 

\ /- \ 

n c{ 2 } ,dE c{2) F£W f( 2 ) dff« 

"^ » ' " v ' 

TQ T'Q 
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Although the vector fields T^ 1 ' and r^ 2 -* may look different, it is worth stressing 
that nonetheless they offer different descriptions of the same dynamical system. 
Indeed, in both cases their trajectories in T*Q project down to the same set of 
trajectories in the physical space Q. Stated otherwise, the two sets of first-order 
differential equations on T*Q associated with T^ 1 ' and T 1 - 2 ' give rise to the same 
set of second-order differential equations on Q. 



Example 18 Let T represent, as in Sect \3.4^3\ the dynamics of the two-dimensional 
isotropic harmonic oscillator: 



.1 d 



i) 



du 1 



,_d_ 
du 2 



(3.177) 



and let, again in the notation of Sect \3.4^3~\ the two Lagrangians be: C^ 1 ' — 
C = C1+C2 (the standard Lagrangian) and: C^ 2 ' = £' (cfr. Ea A3.158\) ). Then, 
omitting unnecessary details, H^ 1 ' has the standard form: 



H W 



(p 1 ) 2 + (p 2 ) 2 + (q 1 ) 2 + (q 2 Y 



and: 



p(l) = iJL + 2_^__ iJL_ 2 d 
dq 1 dq 2 dp 1 dp 2 



As to C^ 2 ' , we find instead: 



and: 



FCW:(q\ql,u\ul)^(q\qiyy) 



P(2) d , d 2 d 1 d 

r = P 2 7n + P l 7Tl ~1 a 1 "a - 

oq L oq z ap\ op2 



(3.178) 
(3.179) 

(3.180) 
(3.181) 



with the Hamiltonian: 



H {2) =pip 2 + q l q 2 (3.182) 

Concerning symmetries, while the Hamiltonian \3.1 78\ ) is rotationally-invariant 
and we obtain, via N other's theorem, the usual association of the angular mo- 
mentum with rotations, The Hamiltonian 113.1 8 2\) is squeeze-invariant, the 
squeeze transformation being generated by the cotangent lift of the vector field 
HAM) , i.e.: 

S*=S- Pl ^-+p 2 ^- (3.183) 

dpi dp 2 

Now: 



i.S*ujQ = dF 
where now the (Hamiltonian) constant of the motion is: 

F = q 1 pi - q 2 p 2 



(3.184) 

(3.185) 
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which, although it doesn't look such at first sight, is again the (only component 
of the) angular momentum, as: 

(FC^A * F = q x u 2 - gV (3.186) 



The scheme (|3.1T6[) outlined above is not the only possible one, though. We 
might decide instead to perform the Legendre map by using only one of the two 
fiber derivatives in both cases. If we select, e.g., FL^ X \ we obtain the following 
scheme for the transition from TQ to T*Q: 

Q cW ,dE cW F -^ u M),dHM 

r r« (3.187) 

\ / \ 

n cm ,dE c(2) fcW w ,diJ (1) 



TQ 



where now: 



w (i, 2 ) = (F C W^ Qj . m = (F£W)^ (FC^y^o = (f£^ o (fC&) '" 

(3.188) 
and similarly for H'- 1 ' 2 ' . 

Remark 19 If we forget about the "TQ part" of the scheme fff.iffTj ) and retain 
only the "T*Q part", we see that this procedure exhibits an example of a given 
dynamical system, (T^'J on T*Q that is bihamiltonian. 

Example 20 For the same system as in Example \18\ above. T^ 1 ' is again given 
by Eq. {3. 1 79\ l, but we find instead: 

w (1 ' 2) = dq 1 A dp 2 + dq 2 A dpi (3.189) 

while: 

# (1,2) =Pi P 2+q 1 q 2 (3.190) 

os in the previous example. However, now: 

i s *UJ {1 > 2) = q 1 dp 2 - p 2 dq 1 + Pl dq 2 - q 2 d Pl (3.191) 

and: 



d 



(i s ,Lo {1 ' 2) \ = L<j.w (1 ' 2) = 2 (dq 1 A dp 2 - dq 2 A dpi) ^ (3.192) 



Therefore, although: Ls*H^ 1,2 ' = and hence S* is a symmetry for the Hamil- 
tonian H^ 1 ' 2 ' , it is not Hamiltonian with respect to the symplectic form uj^ 1 ' 2 ' , 
and ceases therefore to be the generator of a Nother symmetry. 



03 



To conclude this Section, we would like to "re-visit", in the Hamiltonian 
formalism, the consequences of the use, for the isotropic harmonic oscillator, of 
one of the Lagrangians ([3.1461) , parametrized by the family of symmetric and 
nonsingular matrices: B = ||By||. 

Let us specialize here too to n = 3. The canonical momenta are defined by: 

Pi = Biju 3 ^u i = A ij p 3 , i = 1,2,3 (3.193) 

where: A = \\A 1 ^ is the matrix inverse of B : A^Bjk — 5\. The Hamiltonian 
is therefore: 

H = ~ (AV PiPj + B«gY) (3.194) 

while the three components of the angular momentum: Jj = £ijkq-'u k are given, 
in the canonical formalism on T*R 3 , by: 

,h = e ijk A kl qJ pi (3.195) 

The Jj's are of course constants of the motion, i.e.: 

{Ji,H} = 0, i = 1,2,3 (3.196) 

where {.,.} is the canonical Poisson bracket on T*K 3 . Now, some long but 
straightforward algebra [161] shows that the Poisson brackets among the Jj's 
are given by: 

{J h ,Jk}=e hkr A rs J a (3.197) 

Eq. (l3.197p defines a Lie algebra whose derived algebra is spanned by the 
vectors of the form: Jtk ='■ £hkrA rs J s . As the Ricci tensor is antisymmetric, 
there are only three independent such vectors and, as the matrix A is symmetric, 
they are independent. Therefore, the derived algebra is three-dimensional, and 
the Lie algebra can be only |113j (apart from a sign) that of O (3) or that of 
O (2, l r 9 l Denoting by X, and X^k the associated Hamiltonian vector fields, 
defined by: 

ix^o = dJi; ix hh oJo = dJhk (3.198) 

(Xhk — £hk r A rs X s ) which implies, in particular: Cx^o = 0, Eq. (|3.196[) is 
equivalent to the statement that: CxiH — 0. Hence (see Sect 13.4.21) . the X^s 
are also symmetries for the dynamics. Moreover, using the identity (|3.143[) , one 
sees at once that: 

i[x h ,x k ]^o = -£x h ix k uo = -Cx h dJk = -dCx h Jk (3.199) 

i.e. that: 

*[x h: x fe ]^o = d{Jh, Jk} = dJhk = ix hk u (3.200) 

which implies in turn, as ujq is nondegenerate: 

[X h ,X k ]=s hkr A rs X s (3.201) 

Hence, the X^s generate the same algebra of symmetries (that of O (3) or that 
of O (2, 1)), and this is in agreement with the results of Sect l3.4.51 



49 These are called su (2) and su(l, 1) in Ref. [113] ■ but the Lie algebras are isomorphic. 
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4 Geometry of Quantum Mechanics and Alter- 
native Structures 

4.1 Introduction 



Alternative descriptions for both classical and quantum systems have been dis- 
cussed already all along the previous Chapters. In particular, in Sect. 11.21 
we have discussed how one can obtain alternative descriptions both in the 
Schrodinger and Heisenberg pictures either by modifying the Hermitian struc- 
ture using constants of the motion (Sect. 11.2.11) or, in the infinite-dimensional 
case (Sect. 11.2. 3p by changing the symplectic structure (as well as the Hamilto- 
nian) using powers of the original Hamiltonian. 

The discussion was carried on systematically within the framework of the 
description of states as vectors on some (finite- or infinite-dimensional) complex 
Hilbert space T-L (with the associated Hermitian structure (.|.)) and of observ- 
ables as self-adjoint linear operators on T-L. 

Hilbert spaces were introduced and used in a systematic way first by Dirac 
[5fj] as a consequence of the fact that one needs a superposition rule (and hence 
a linear structure) in order to accommodate a consistent description of the 
interference phenomena that are fundamental for Quantum Mechanics. Par- 
enthetically, we should note that a complex Hilbert space carries with it in a 
natural way a " complex structure" (multiplication of vectors by the imaginary 
unit). The role of the latter was discussed in the early Forties by Reichenbach 
|202j . Later on Stiickelberg [2 17) emphasized the role of the complex structure 
in deducing in a consistent way the uncertainty relations of Quantum Mechanics 
(see also the discussion in Refs.[69] and [170] ). 

However, it is well known that a "complete" measurement in Quantum Me- 
chanics (a simultaneous measurement of a complete set of commuting observ- 
able^ [SSI EH H83j ) does not provide us with an uniquely defined vector in 
some Hilbert space, but rather with a "ray", i.e. an equivalence class of vec- 
tors differing by multiplication through a nonzero complex number. Even fixing 
the normalization, an overall phasa 51 ! will remain unobservable. Quotient- 
ing w.r.t. both multiplications leads, for a finite-dimensional Hilbert space T-L 
(dime H = n), to the following double fibration: 

R+ — -> Ho=H-{0} 

I 
17(1) — ► S 2 "- 1 (4.1) 

I 
P(U) 



50 We will not worry at this stage about the technical complications that can arise, in the 
infinite-dimensional case, when the spectrum of some observable has a continuum part. 



51 Not a relative phase in a superposition of vectors, of course. 



(>r> 



whose final result is the projective Hilbert space PH, and it is clear that: 

P(H) s CP"- 1 = {[M : |V), |#) € [|V>] «*• \i>) = W» r4 - 

|V>,|^)eW-{0}, AeC = C-{0}} ^ 4 ^ J 

where [|-0)] denotes the equivalence class to which \ip) £ H belongs under mul- 
tiplication by a non-zero complex number. 



Remark 21 Notice that in this way the Hilbert space H acquires the structure 
of a principal fiber bundle \10Jj\ .167, 215], with base PH. and typical fiber Co- 

The self-duality of H determined by the Hermitian structure allows for the 
(unique) association of every equivalence class [|^>)] with the rank-one projector: 

N > = am (43) 

with the known properties: 

p\ = Pi> 

Trp^p = 1 (4.4) 

P% = P*P 

It is clear by construction that the association depends on the Hermitian struc- 
ture we consider. 

The space of rank-one projectors is usually denoted [86] as T>\ (H). It is 
then clear that in this way we can identify it with the projective Hilbert space 
PH. Hence, what the best of measurements will yield will be always (no more 
and not less than) a rank-one projector (also called a pure state [95j). 

Also, transition probabilities that, together with the expectation values 
of self-adjoint linear operators that represent dynamical variables, are among 
the only observable quantities one can think of, will be insensitive to overall 
phases, i.e. they will depend only on the (rank-one) projectors associated with 
the states. If A = A* is any such observable, then the expectation value (A),m 
the state \tp) will be given by: 






(^'S^W^} («) 



Transition probabilities are in turn expressed via a binary product that can 
be defined on pure states. Again, if \ip) and \(j>) are any two states, then the 
(normalized) transition probability from \ip) to \<p) will be given by: 

l(#0)l 2 r 

! -Tr{p^ P4> } (4.6) 



<V#) (</#) 



and the trace on the r.h.s. of Eq. (|4.12l) will define the binary product among 
pure states (but more on this shortly below). 
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It appears therefore that the most natural setting for Quantum Mechanics 
is not primarily the Hilbert space itself but rather the projective Hilbert space, 
or, equivalently, the space of rank-one projectors T>\ (H), whose convex hull will 
provide us with the set of all density states. |222l 12231 ITT] . 

On the other hand, the superposition rule, which leads to interference phe- 
nomena, remains one of the fundamental building blocks of Quantum Mechanics, 
one that, among other things, lies at the very heart of the modern formulation 
of Quantum Mechanics in terms of path integrals %2§\ HH E3 Hi] , an approach 
that goes actually back to earlier suggestions by Dirac [5(3 [57] . 

To begin with, if we consider, for simplicity, two orthonormal states: 

|Vi), \H G H, (VilVi) = Sij,i,j = 1,2 (4.7) 

with the associated projection operators: 

pi=\ik)(ih.\, P 2 = \fc)(W (4-8) 

a linear superposition with (complex) coefficients C\ and c 2 with: |ci| + \c 2 \ =1 
will yield the normalized vector: 

|V) = cihM+C2hfe) (4.9) 

and the associated projector: 

p 4 , = |V>) (i/>\ = |ci| 2 Pl + \c 2 \ 2 p 2 + (c lC *p 12 + h.c.) (4.10) 

where: p\ 2 ='■ IV'iXV^I, which cannot however be expressed directly in terms of 
the initial projectors. 

A procedure to overcome this difficulty by retaining at the same time the 
information concerning the relative phase of the coefficients can be summarized 

as follows mi mu ma ma ma inn]- 

Consideringa third, fiducial vector |i/>o) with the only requirement that it be 
not orthogonal 52 ! neither to \ip\) nor to 1^2), it is possible to associate normalized 
vectors \<pi) with the projectors pi (i = 1,2) by setting: 

^ l) = FTT^ ' J = 1 ' 2 (4 - H) 

yfTr [pipo) 

Remark 22 Note that, as all the p 's involved are rank-one projector i 53 l: 

Tr (PiPo) Tr (PjPo) = Tr (prfopjpo) Vi,j (4.12) 

and that: 



52 In terms of the associated rank-one projections, we require: Tr (pipo) 5^ 0, i = 1, 2, with: 

Po = IV'oXV'ol- 

53 The proof of Eqs. (|4. 12t and l|4.13|l is elementary and will not be given here. 
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|fr)<frl= JT 9 ' =Pi, » = 1,2 (4.13) 

V Tr (PiPOPiPO) 

Forming now the linear superposition: \<j>) — c\\4>\) + C2\4>2) and the asso- 
ciated projector: p — \<f))((f>\, one finds easily, using also Eqs. (|4.12[) and ()4.13|) . 
that: 

I ,2 . I ,2 . C1C2P1P0P2 + k.C. 

P=\ci\ Pi + \C2\ P2+ r—— (4.14) 

y/Tr(pipop2Po) 

which can be written in a compact form as: 

p.y^ »L= (4.15) 

Q^i V Tr KPiPoPjPo) 

The results (I4.14[) and (|4. 15[) are now written entirely in terms of rank-one 
projectors. Thus, a superposition of rank-one projectors which yields another 
rank-one projector is possible, but requires the arbitrary choice of the fiducial 
projector p . This procedure is equivalent to the introduction of a connection 
on the bundle, usually called the Pancharatnam connection |1851I197] . 



Remark 23 If the (normalized) probabilities \c\\ and \c%\ are given, Eq. 
describes a one-parameter family of linear superposition of states, and the same 
will be true in the case of Eq. fflTTfli ). Both families will be parametrized by the 
relative phase of the coefficients. 

Remark 24 Comparison of Eqs. J4-10\ ) and l{4.14\ ) shows that, while the first 
two terms on the r.h.s. of both are identical, the last terms of the two differ by 
an extra (fixed) phase, namely that: 

l>U ''"'- =p 12 exp{i[arg(^ 1 |Vo}-arg(^ 2 |Vo»)]} (4.16) 



V Tr (PlPoP2Po) 

Remark 25 The result of Eq. \4 . 1 5[ ) can be generalized in an obvious way to 
the case of an arbitrary number, say n, of orthonormal states none of which is 
orthogonal to the fiducial state. The corresponding family of rank-one projectors 
will be parametrized in this case by the (n — 1) relative phases. 

If, now, we are given twd 54 l (rank-one) projectors and only the relative prob- 
abilities are given, we are led to conclude that the system is described by the 
convex combination (a rank-two density matrix): p = \c\\ p\ + \c%\ P2, which 
is again Hermitian and of trace one, but now: p — p 2 > (strictly) . The pro- 
cedure leading from this " impure" state to one of the pure states given by, say, 
Eq. (l4.15p . i.e. the procedure that associates a pure state with a pair of pure 



4 Or more, with an obvious generalization. 
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states, is a composition law for pure states that has been termed in the literature 
|145) as a "purification" of "impure" states. 

In the Hilbert space formulation of Quantum Mechanics one needs also to 
find the spectral family associated with any observable, represented by a self- 
adjoint operator on the Hilbert space of states. Limiting ourselves for simplicity 
to observables with a pure point-spectrum, these notions can be made easily to 
"descend" to the projective Hilbert space PH by noticing that, if A = A* 
is an observable, and considering from now on only normalized vectors, the 
expectation value (J4.5I) associates with the observable A a (real) functional on 
PH. The standard variational principle of Quantum Mechanics [5S1 1183] can 
be rephrased [3TJ S3] by saying that the critical points of this functional are 
the eigenprojectors of A and that the critical values yield the corresponding 
eigenvalues. 

Unitary (and, as a matter of fact, also anti-unitarM 55 !) operators play also a 
relevant role in Quantum Mechanics [691 T183 . In particular, self-adjoint oper- 
ators can act as infinitesimal generators of one-parameter groups of unitaries. 
Both unitary and anti-unitary operators share the property of leaving all tran- 
sition probabilities invariant. At the level of the projective Hilbert space they 
represent then isometries of the binary product (J4.6I) . The converse is also 
true. Indeed, it was proved long ago by Wigner |227l 1230] that bijective maps 
on PH that preserve transition probabilities (i.e., isometries of the projective 
Hilbert space) are associated with unitary or anti-unitary transformations on 
the original Hilbert spacqfj. For a recent version of this theorem, see Ref. [87] . 

To summarize the content of this Section, we have argued that all the rel- 
evant building blocks of Quantum Mechanics can be re-formulated in terms 
of parent objects that "live" in the projective Hilbert space PH. The latter, 
however, is no more a linear vector space. As will be discussed in the follow- 
ing Sections, it carries instead a rich manifold structure. In this context, the 
very notion of linear transformations looses meaning, and we are led in a natural 
way to consider a non-linear manifold and (non-linear) diffcomorphisms thereof. 
This given, only objects that have a tensorial character will be allowed. We will 
have then, as a preliminary step, to proceed to, so-to-speak, " tensorialize" all 
the notions that have been established in the context of the linear Hilbert space. 
We will do that in the second part of this Chapter, where we will discuss the ge- 
ometry of Quantum Mechanics. In the last part of the Chapter, having achieved 
this goal, we will re-discuss the problem of alternative structures in the context 
of Quantum Mechanics. 



55 Think of the operation 1691 11831 of time-reversal. 

56 The association being up to a phase, this may lead to the appearance of "ray" (or "pro- 
jective") representations 11 69, 95, 132, 133 183 207 of unitary groups on the Hilbert space 
instead of ordinary ones, a problem that we will not discuss here, though. 
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4.2 The Geometry of Quantum Mechanics 

4.2.1 Some Preliminaries 

We recall here some basic notions, in order mainly to fix the language and 
notations to be employed in what follows. 

1. Given an n-dimensional vector space % over the field C of the complex 
numbers, the realifted [5] 'Hr of T-L is a real vector space that coincides with 
% as a group (abelian group under addition) but in which only multipli- 
cation by real scalars is allowed. The realified of H can be constructed 
as follows. Let (ei,...,e n ) be a basis for H. Then, a basis for T-Lr will 
be provided by (ei, ..., e n ,iei, ..., ie n ) and Hr ~ R 2 ™. Once a basis has 
been chosen, H wC". If: x = x k ek,x k = u k + iv k ;u k ,v k € R (in short: 
x = u + iv;u,v € R"), then the corresponding vector in Hr is represented 
by (u 1 , ..., u n , v 1 , ..., v n j, or (u,v), again for short, and it is immediate 
to check that the group property is satisfied. Let now: A : W — » H 
be a linear operator on H. The realified of A will be the linear opera- 
tor: Ar : Hr — > T-Lm. that coincides with A pointwise, i.e., if: Ax = x' , 
x = u + iv, x' = v! + iv', then: Ar(u, v) — (vf, v'). In any given basis for 
H, A will be represented by a matrix of the form: A = a + i/3, with a, f3 
real n x n matrices. Then it is also immediate to check that ^4r will be 
represented by the In x 2n real matrix: 



A K = 



(4.17) 



It is also immediate to check that: (A + B) R = ^4r + Br, as well as 
that: (AB) R = j4r.Br, and hence the set of the linear operators that are 
realifications of complex operators on T-L is both a subspace of the vector 
space of all linear operators on "Hr as well as a subalgebra of the associative 
algebra gl (2n, R). In particular, multiplication in % by the imaginary unit 
will be represented by the linear operator: 



J 






(4.18) 



(or: (u,v) —$■ (—v,u)) with the property: 

J 2 = -hnx2n (4.19) 

2. A complex manifold [40, 210] is a manifold Z that can be locally modeled 
on C™ for some n, and for which the chart-compatibility conditions are 
required to be C" diffeomorphisms. Then, on the tangent bundle TZ one 
can define the complex structure Jq via: 

J : TZ -» TZ- J (v) =: iv, v G TZ. (4.20) 

Clearly: J 2 = -I. Also: 



70 



3. An almost complex manifold [186] is an even-dimensional real manifold 
M endowed with a (l,l)-type tensor field J , called an almost complex 
structure, satisfying: 

J 2 = -I (4.21) 

ft was proved in Ref. |195| that an almost complex manifold becomes a 
complex one iff the almost complex structure J satisfies the Nijenhuis 
condition Nj — 0, where Nj is the Nijenhuis torsion associated with J. 

4. Finally, let K be a real, even-dimensional, manifold with a complex struc- 
ture and a closed two-form satisfying the compatibility condition: 

w (x, Jy) + uj (Jx, y) = 0; x, yeTK (4.22) 

Notice that this implies that: 

«?(.,.) = :w (., J (.)); (x,y)^g{x,y)=:oj(x,Jy) (4.23) 

is symmetric (g (x, y) — g (y, x) \/x, y) and nondegenerate iff to is, hence a 
metric. When g is positive, then K. is a Kahler manifold [40l 12101 I224) 57 l . 
Also, J 2 = —I implies: 

u (Jx, Jy) =u(x,y); g (Jx, Jy) = g (x, y) Vx, y (4.24) 

Notice that Eq. (|4.23[) implies the analog of Eq. (|4.22p for g, namely: 

g(x,Jy)+g(Jx,y) = (4.25) 

A tensorial triple (g, J,ui), with g a metric, J a complex structure and to 
a symplectic structure satisfying the conditions (|4.22p . (|4.23|) and (|4.24|) will be 
called an admissible triple. Eq. (|4.23[) and the parent equation, obtained by 
substituting: y — ► Jy in it tell us also that: 

u (.,.) = -g (., J (.)) (4.26) 

Coming back now to the complex vector space H, let it be endowed also 
with an Hermitian structure h(.,.) = (.|.), i.e. a positive-definite sesquilinear 
form, nondegenerate, linear in the second factor and antilinear in the first one. 
Then % will become a (finite-dimensional: dime rl — n) Hilbert space. We 
will keep denoting vectors in % with Latin letters (i.e.: x, y etc.) and we will 
use Dirac's notation (|a>),|j/) etc.) only when convenient. Separating real and 
imaginary parts, we can write: 

h(x,y) =g(x,y) +iu(x,y) 

g(x,y)=Reh(x,y) (4.27) 

u(x,y) = Im h(x,y) 



7 If not, then K is also called ;186_ a pseudo-Kahler manifold 
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g is clearly symmetric, positive and nondegenerate, while uj is antisymmetric 
and nondegenerate too. 

Now we can consider %r together with its tangent bundle T"Hr ~ T-Lr x "Hr. 
Points in T-Lr, i.e. in the first factor, will be again denoted by the same Latin 
lettera 58 !. and we will use Greek letters for the second factor. Then, e.g., (x, ip) 
will denote a point in Hr and a tangent vector at x: tp £ T x Hr ~ Hm.- We can 
associate with every point x € Hr the constant vector field: 

Xj, =: (x,il>) (4.28) 

Then, we can "promote" g and w to (0, 2) tensor fields by defining: 

g(x){X il ,X 4 ,)=:g(il>,<f,) (4.29) 

and similarly for uj. In this way, g becomes a Riemannian metric and uj a 
symplectic structure. Proceeding in a similar way, we define: 

J (a;) (Jfy) = (s, J^>) (4.30) 

where: Jip — iip (i.e.: J (u,v) — (—v,u)) and in this way J too is "promoted" 
to a (1, 1) tensor field. As all these tensors fields are translationally invariant, 
and hence the Nijenhuis condition for J is trivially satisfied, and as all the 
compatibility conditions are also satisfied, Hr becomes in this way a linear 
Kahlcr manifold, with J playing the role of the complex structure. Explicitly, 
if (ei, ..., e n ) is an orthonormal basis for H, and: x — (u,v) ,y = («', v 1 ), then: 

g{x,y) = u-v! + vv' .^^ 

u> (x, y) = u ■ v' — v ■ v! 

It may be convenient to give explicit expressions by introducing real coordi- 
nates x 1 , ..., x 2n on Wr ps R 2n . Then, e.g., g and J will be explicitly represented 

as: 

g = g lj dx l ® dx j (4.32) 

ancB 

J = J\dx j ® ^— (4.33) 

J ox 1 

Hence: 

J 2 = -I «=*>J' fc J fc j- = -<f j (4.34) 



58 With reference to a basis, x = u-\-iv will stand (see item 1 above) for the (real) pair (u, v) 
59 Here: Jx = Ujx) l j ; (Jx) 1 = J 1 j3 >> . 
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Remark 26 With the given metric, orthogonal matrices will be those leaving 
the scalar product invariant, and they will provide a representation of O (2n) 
which need not be the standard one. Eq. \J h .2J$ tells us that J is what we might 
call a "g- orthogonal" matrix. In this context, it is worth recalling that the adjoint 
A' w.r.t. g of any linear operator A. (a (1,1) tensorjis defined by: 

g(x,Ay)=g(A^x,y) (4.35) 

In terms of matrices: 

A f = g _1 Ag (4.36) 

where A stands for the transpose matrix and hence, for a generic metric tensor, 
(real) symmetric matrices need not be self-adjoint. Eq. ^4-25\ ) tells us then that 
J is skew-adjoint w.r.t. g, i.e. that: J' — —J. which implies, according to 
Eg.[U^: 

JU = 1 (4.37) 

Remark 27 ii) If we consider a one-parameter group {exp(£A)} teR of g- orthogonal 
matrices, then: g (e ttk x, e tA y) = g (x, y) implies, at the infinitesimal level: 

g{Ax,y)+g(x,Ay)=0 (4.38) 

Hence, J acts at the same time as a generator of finite and infinitesimal 
orthogonal transformations (rotations). 

Hi) in terms of the representative matrices, the condition g (Jx, y)+g (x, Jy) = 
can be written as: 

Jog + goJ = (4.39) 

i.e., as g is symmetric: (g o J) = —go J, i.e. go J must be a skew- symmetric 
matrix. 

Using g and J we can construct, as discussed before, the skew-symmetric 
tensor w (cfr Eq. (|4.26p ). u will be nondegenerate iff g is, hence a symplcctic 
form. In terms of matrices: 

to = -go J (4.40) 

(ojij = -g ik J k j), Moreover. Eqs. (|4~24|) and (T4~22j) . i.e.: 

uj(Jx,Jy) =oj(x,y)Vx,y (4.41) 

and: 

u ( Jx, y) + u (x, Jy) = OVx, y (4.42) 

tell us that J will generate (both finite and infinitesimal) symplectic transfor- 
mations as well. Notice that, for y — Jx: 

uj (x, Jx) = g (x, x) (4.43) 

and hence: oj (x, Jx) > if g is positive-definite. 
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One could start instead from the datum of a symplectic form and of a com- 
plex structure, requiring the admissibility condition lo (Jx, y) + u) (x, Jy) = 
(which implies lo (Jx, Jy) — lo (x, y) and viceversa), and define then: 

g(x,y)=:oj(x,Jy) (4.44) 

(g = lo o J in terms of representative matrices), the only difference being that, 
although g will be still nondegenerate iff lo is, it need not be positive unless 
lo (x, Jx) > OVir. 

Finally, one could start from g and lo and require the admissibility condition 
that: J —: g^ 1 o lo be a complex structure, i.e.: J 2 = —I. In conclusion, a third 
tensor is determined whenever any other admissible two are given. 



Remark 28 We have already encountered examples of admissible triples (g, lo, J) 
in Sect, \3.3i E.g., for the isotropic two-dimensional harmonic oscillator we may 
consider (Hq,loq,J) or (H^,lo^,J) as given in Eqns. \3. 76'[ ) and \3.8(J\) , while 
for the one- dimensional harmonic oscillator we may choose (see again Sect \3.3\ ) 
(H,lo, J) or H',lo', J'), as long as the Hamiltonian is positive definite. 

4.2.2 Geometric Quantum Mechanics 

Here and in the following we will exploit the already-discussed connection be- 
tween the space P(Ti) of rays and the space T>\ (H) of density states of rank one 
to see how it is possible to use symplectic methods to study quantum systems. 
This geometric approach is based on some observations that will be developed 
in the following. 

We have just proved that the realification "Hr of the Hilbert space H (the 
space of states) is a linear Kalher manifold, equipped with an admissible triple 
(J,g,Lo). Now, taking into account that P(T-L) is not a linear space, we will 
have to use a tensorial description of these structures. Via a momentum map 
on P (H) that we shall define shortly below, the space of Hermitian operators 
(the observables) will be identified with the dual u*(H) of the Lie algebra of 
the unitary group U(H), which can be thought of as the intersection of the Lie 
algebras of the symplectic and orthogonal groups. By exploiting the fact that 
the action of the latter is Hamiltonian, we will use the momentum map to define 
contravariant metric and Poisson tensors on u*(H). Finally we will study how 
these structures behave under the J7('H)-action on u*(H) and see how T>\(T-L) 
itself becomes a Kalher manifold. 

4.2.3 Tensors on Hilbert spaces 

We have seen how we can construct the tensor fields g, J and lo on THm- The 
(0, 2)-tensors g and lo define maps from THr to T*Hr. The two being both 
non-degenerate, we can also consider their inverses, i.e. the (2, 0) contravariant 
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tensors G (a metric tensor) and A (a Poisson tensor) mapping T*"Hr to THr 
and such that: 

Goj = Aow = I THu (4.45) 

i.e., in short: G = g^ 1 , A = u^ 1 . G and A can be used together to define an 
Hermitian product between any two a, j3 in the dual "Hjjj equipped with the dual 
complex structure J1 60 l: 

(a,p)-Hi = G(a,P) + iA(a,p). (4.46) 

This induces two (non-associative) real brackets on smooth, real-valued func- 
tions on "He: 

• the (symmetric) Jordan bracket {f,h} g —: G(df,dh), and: 

• the (antisymmetric) Poisson bracket {f,h} u ='■ A(df,dh). 

By extending both these brackets to complex functions via complex linearity 
we obtain eventually a complex bracket {., .} w defined as: 

{/, h} n = (df, dh) Hl =: {/, h} g + i{f, h} u . (4.47) 

To make these structures more explicit, we may introduce an orthonormal 
basis {ek}k=i,— ,n in 74 and global coordinates [q k 1 p k ) for k = 1, • • • ,non Hr 
defined as 

(e fc , x) = (q k + ip k )(x), Vxen. (4.48) 



The: 



oi. 



as well as: 



and hence: 



J = 


= dp k 


d 
dq k 


^ k d 

d 1 ®7Tk 
dp" 


g-- 


=:dq h 


' ®dq k + dp k (g) dp k 


uj ■■ 


=:dq' 


' (g) dp k - 


dp k (g) dq k 


G = 


d 
dq k 


dq k 


d d 
dp k dp k 


A = 


d 
dp k 


d 
dq k 


d d 
dq k dp k 


U,h} g = 


df dh 
dq k dq k 


df dh 
dp k dp k 


{f,h}^ = 


df dh 


df dh 


Qpk Qgk 


dq k dp k 



(4.49) 



Introducing complex coordinates: z k =: q k + ip k , z k =: q k 

write 

^ ■ » a 9 d 

dz" dz" 





(4.50) 




(4.51) 




(4.52) 




(4.53) 




(4.54) 




(4.55) 


ip k , 


we can also 




(4.56) 



60 Which will act (see Footnote I59H via the transpose matrix of J. 

61 Summation over repeated indices being understood here and in the rest of the Section. 
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where 

d _ 1 f_d_ _ ._d_\ d 1 /_a_ ._0_\ 

Complex coordinates are employed here and also elsewhere in this paper only 
as a convenient shorthand or as a stenographic notation. Their use does not 
mean at all that vector fields like those in Eq. (|4.57p should operate on functions 
that are holomorphic (or anti-holomorphic) in the z k, s. They must rather be 
seen as complex-valued vector fields that operate on (smooth) complex-valued 
functions defined on a real difierentiable manifold. 

With this in mind, we have : 



^>* = 4 !^ (^ 



or, in more detail: 



u. h \dz k dz k dz k dz k r u ' * u i \dz k dz k dz k dz k 



J = -Hdz k ®l^-dz k ®7^;) ( 4 - 6 °) 



(4.59) 

Notice also that: 

d ,_ k d 

oz h oz K 

In particular, for any A £ gl{T-L) we can define the quadratic function: 

f A (x) = ^{x,Ax) = ^Az (4.61) 

where z is the column vector (zi, ..., z n ). It follows immediately from Eq. (|4.59|) 
that, for any A,B& gl(H): 

{fAj B } g = fAB+BA (4.62) 

{fA,fB} U = f AB-BA (4.63) 



So, the Jordan bracket of any two quadratic functions j a and ^g is related to 



the (commutative) Jordan bracket of A and B, [A, B] , , defined 62 ! as: 



[A,B] + =: AB + BA (4.64) 

while their Poisson bracket is related to the commutator product ( the Lie 
bracket) [A, B]_ defined as: 

[A,B]_=:-(AB-BA) (4.65) 

i 



62 This is actually twice the Jordan Bracket as it is usually defined in the literature |65| . but 
we find here more convenient to employ this slightly different definition. 
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In particular, if A and B are Hermitian, their Jordan product (|4.64[) and their 
Lie bracket will be Hermitian as well. Hence, the set of Hermitian operators 
on Hr, equipped with the binary operations (14.641) and (I4.65|) . becomes a Lie- 
Jordan algebra [B"51 110811109] . and the binary product [55] : 

(A,B) = ±([A,B] + +i[A,B]_) (4.66) 

is an associative product (Indeed: (A, B) = AB). We remark parenthetically 
that all this extends without modifications [65] to the infinite-dimensional case, 
if we assume: A,BG B sa (H), the set of bounded self-adjoint operators on the 
Hilbert space %. 

Coming back to quadratic functions, it is not hard to check that: 

UaJbU^Vab, (4.67) 

which proves the associativity of the bracket (|4.47[) on quadratic functions, i.e.: 

{{fAjB}nJc} n = {fAAfBjc} n }n= 4 fABC, VA,B,Cegl(H). (4.68) 

We look now at real, smooth functions on Hm- 

First of all, it is clear that Ja will be a real function iff A is Hermitian. The 
Jordan and Poisson brackets will define then a Lie- Jordan algebra structure on 
the set of real, quadratic functions, and, according to Eq. (|4.68[) . the bracket 
{., -} w will be an associative bracket. 

For any such / £ J- ("Hr) we may define two vector fields, the gradient V/ 
of / and the Hamiltonian vector field Xf associated with /, defined by: 



g(;Vf) = df G(;df)=Vf, 

Lo{;Xf)=df A(;df)=Xf ■ 

which allow us also to obtain the Jordan and the Poisson brackets as: 



(4.69) 



{f,h} g = g(Vf,Vh), (4.70) 

{f 1 h} u =uj{X f ,X h ). (4.71) 



Explicitly, in coordinates: 



v f =*L± + K-L = 2 (*lJ- + 9l±\ (4.72) 

Qqk Qqk Qpk Qpk \dz k dz k dz k dz k ) 

dp k dq k dq k dp k \ dz k dz k dz k dz k J 

which are such that J(V/) = Xf. 

Turning to linear operators, to any A : % — > % we can associate: 

1. A quadratic function as in Eq. (|4.6ip . and (cfr. also below, Sect l4.4p . 

2. A vector field: Xa '■ T~L —t TH via: x i — > (x, Ax) , and: 
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3. A (1,1) tensor field: T A : T X H 3 (x,y) i — > {x,Ay) e T X H. Clearly, as 
already remarked, f A is real if and only if A is Hermitian. In this case: 

Vf A = X A (4.74) 

and: 

X fA = J(X A ) (4.75) 

Indeed, denoting with (•,•) the pairing between vectors and covectors, 



Eq. p~T4]) holds because: 



1 
2 

= (df A (x),y) (4.76) 



g(y,X A (x)) = g(y,Az) = -((y,Ax) n + (Ax,y) n ) 



while Eq. (|4.75p follows from the second expression in Eq. (|4.23[) . i.e. from 
: g(y,Ax) =u(y,(JX A )(x)) = u(y,iAx). ■ 

Thus, we will write: 

V/ A = A and; X fA = iA (4.77) 

In particular, if we consider the identity operator I, we obtain the dilation 
(or Liouville) field (cfr. also Eq. (|4.28D ): 



or, in real coordinates: 



which is such that: 



A: xi — >{x,x) (4.78) 



A = ^+^ ( 4 - 79 ) 



Qqk Qpk 



X A = T A (A). (4.80) 

Finally we can also define the phase vector field: 

k_d fc d 

dq k dp k 

that will be considered in the next Section. 



r = '(*)= 1*753 -«*5i3 ( 4 - 81 ) 



4.2.4 The complex projective space 

We would like now to discuss in some detail the structure of the complex pro- 
jective Hilbert space PH, which, as we have already mentioned, represents the 
right context to describe a geometric formulation of Quantum Mechanics. In- 
deed, given any vector |x) G H— {0}, the corresponding element in PT-L may 
be represented by the rank-one projector: p x —: |x)(x|/(x|x) in D\ (H) (or 
simply: p x —: |x)(x| if the vector is already normalized), and this will encode 
all the relevant physical information contained in \x). 
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In more geometric terms, we can consider the distribution generated by the 
dilation field A and the phase field V = J (A), which is involutive as [A, J (A)] = 
0. Going to the quotient with respect to the foliation associated with this 
distribution (cfr.Eq. (|4.1lO will be a way of generating the ray space PH which 
is independent on any Hermitian structure. Contravariant tensorial objects on 
H will "pass to the quotient" (i.e. will be projectable) if and only if they are 
left invariant by both A and T, i.e. if they are homogeneous of degree zero 
and invariant under multiplication of vectors by a phase. Typical quadratic 
functions that "pass to the quotient" will be normalized expectation values of 
the form: 

Px (A)=:Tr{p x A}= { ^^ (4.82) 

(x\x) 

with A any linear operator and for any Hermitian structure on H. We note 
parenthetically that the subalgebra of functions on H that are invariant under 
r and A will define, via the construction of the Gel'fand-Kolmogoroff theorem 
|157j . a manifold which can again be identified with PH. 

Concerning projectability of tensors, the complex structure J, being (cfr., 
e.g., Eq. (|4.60p ) homogeneous of degree zero and phase-invariant, will be a pro- 
jectable tensor, while it is clear that the Jordan and Poisson tensors G and A 
defined respectively in Eq. (14.52[) or, for that matter, the complex- valued tensor 
of Eq. (|4.56p will not be projectable (as they are phase-invariant but homoge- 
neous of degree —2). To turn them into projectable objects we will have to 
multiply them [86] by the "conformal factor": 8 (z) —: z^z, thus defining new 
tensors: 

A (z) =: 6 (z) A (z) (4.83) 

and similarly for G. 

Let us examine these structures directly on PH more closehl 63 !. Recall that, 
in the finite dimensional case, PH is homeomorphic to CP™ and it is therefore 
made up of the equivalence classes of vectors Z = (Z°, Z l , ■ ■ ■ , Z n ) 6 C" +1 
w.r.t. the equivalence relation Z rj \Z; AeC- {0}. The space CP n is a Kahler 
manifold when endowed with the Fubini-Study metric [T9 JI105] . whose pull-back 
to C n+1 is given by: 

9fs = t^^ [(Z • Z)dZ ® s dZ - (dZ ■ Z) 0s (Z • dZ)\ (4.84) 

where Z Z = Z a Z a , dZ ■ Z = dZ a Z a , dZ ® s dZ = dZ a dZ a + dZ a dZ a : and 
so on (the sum over repeated indices has to be understood), together with the 
compatible symplectic form: 

WFS = — L- [(Z • Z)dZ AdZ- {dZ • Z) A (Z • dZ)l = dS FS (4.85) 

(z • Ly 



where: 



1 ZdZ-ZdZ 

9fs = k-^T- (4 ' 86) 



63 In the following of this Section, we will use the (0, 2)-tensors g, u) instead of their (inverse) 
(2, 0)-tensors G, A since calculations result to be more easily performed. 
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The isometries are just the usual unitary transformations which, in infinites- 
imal form, are written as: 

Z a = iA ab Z b (4.87) 

where A = [A ab ] is a Hermitian matrix. These are the equations for the flow of 
a generic Killing vector field, which therefore has the form 64 !: 

X A = Z a d z « - Z a d- Za = iA ab (Z b d z ° - Z a dz„) (4.88) 

A straightforward calculation shows that: 

lo fs (-,X a ) = -^[dZ a A ab Z b + Z a A ab dZ b ] - Z °* Aa - Z ^ [dZ c Z c + Z c dZ c ] = 
Z • Z (Z • Z) 2 

= d(i XA FS ) (4.89) 

i.e. that Xa is the Hamiltonian vector field Xf A) 0J F s('> X/a) ~ d$A associated 
with the (real) quadratic function: 

Z-AZ 6 Z a A ab Z b n ,,„„. 

^ = ^z- = -^^=^^ (4 - 90) 

for the Hermitian matrix A. Also, some algebra shows that, given any two real 
quadratic functions Ja, Jb {A, B being Hermitian matrices), their corresponding 
Hamiltonian vector fields satisfy: 

UJ FS (X fA ,X fB ) = X fA (df B ) = JaB-BA (4.91) 

Therefore, the Poisson brackets associated with the symplectic form: 

{f,g} UFS ~-uj{X f ,X g ) (4.92) 

are such that: 

{/A, /-B}o) PS = f AB-BA (4.93) 

In a similar way, one can prove that the gradient vector field V/ A , g F s (• » V/ A ) = 
dfA, of Ja has the form: 

V.4 = A ab (Z b d Z a + Z a d z „) (4.94) 

so that 

5fs(V /a , V/ a ) = V /A (d/ B ) = Jab+ba - I a ■ fs (4.95) 

Given any two real quadratic functions /a, /s, we can therefore define a Jordan 
bracket by setting: 

{Ja, Jb} 9 := <?fs(V /a) V/ b ) + f A -f B = Jab+ba (4.96) 



64 Notice that these are exactly the Killing vector fields of S 2n+1 . In particular, for A = I we 
obtain Xj. = T which is a vertical vector field w.r.t. the Hopf projection tth : S 2n+1 — > CP". 
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One says [32] that a real function on PH is Kahlerian iff its Hamiltonian 
vector field is also Killing. Such functions represent quantum observables. The 
above calculations show that the space F{PW) of real quadratic functions on 
PH consists exactly of all Kahlerian functions. To extend this concept to the 
complex case, one says that a complex valued function on PH is Kahlerian iff 
are so its real and imaginary parts. Clearly, any such / is a quadratic function of 
the form (I4.90|) with now A G B(H). Also, on the space, T C (PH), of Kahlerian 
complex functions one can define both an Hcrmitian two-form: 

Mv)=Sfs(v) + *wfs(v) (4-97) 

and and associative bilinear product (star-product) via: 

/ * 9 ■= f ■ 9 + \h{df, dg) = ~ [{/, g} g + i{f, g} u ] +f-g (4.98) 

under which the space ^(PH) is closed since Ja*Ib = /as, thus obtaining a 
particular realization of the C*-algebra of bounded operators B(H). 

Let us suppose now that (A4, h) be a generic Kahler manifold. Also in this 
generic case, given any two functions /, g in the space of Kahlerian (w.r.t. the 
metric g = Re(hj) complex functions J rC (A / () one can define a •-product: 

f*g:=f-g + h(df,dg) (4.99) 

but now this product, although inner, will be not in general associative unless 
the functions are Kahlerian. The condition that J rC (A^) be closed puts very 
restrictive conditions on the Kahler structure of M. which imply [43 that M. be 
a projective Hilbert space PH. At the end of Sect. (|4.3[) , after the discussion of 
the so called GNS construction, we will see how realizations of a C*-algebra as 
bounded operators on a suitable Hilbert space are in one-to-one correspondence 
with the action of the unitary group on the Kahler manifold. 

4.2.5 The momentum map 

We shall consider now the action of the unitary group 14(H) on H, which is 
the group of linear transformations that preserve the triple (g,u!,J). In the 
following, we will denote with u(H) the Lie algebra oiU(H) of anti-Hermitian 
operators and identify the space of all Hermitian operators with the dual u*(H) 
of u(H) via the pairing: 

(A, T) =: l -Tr(AT), Aeu*(H),Te u{H) (4.100) 

On u*(H) we can define a Lie bracket (cfr.also Sect 14. 2. 3"| : 

[A,B]_ =: -(AB-BA), (4.101) 

i 
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with respect to which it becomes a Lie algebra, and also a Jordan bracket: 

[A, B]+ =: AB + BA. (4.102) 

with the two together giving u*(H) the structure of a Lie- Jordan algebra [65] . 
In addition, u*(T-L) is equipped with the scalar product 

(A,B) u , = -Tr(AB) (4.103) 

which satisfies: 

(L4, £]-,£>„. = \Tr([A,£]_B) = ~Tr(A,[Z,B}_) = (A,[^,B]_) U , (4.104) 

([A,£]+,B) U . = ~Tr([A,$ + B) = ~Tr(A,{£,B} + ) = (A,[S,B] + ) V . (4.105) 

With any A e u*(H), we can associate the fundamental vector field Xa 
on the Hilbert space corresponding to the element \A G u(7i) defined by the 
formula: 

^e-i A (x)\t=o = iA(x), Vx e H (4.106) 

In other words, Xa — iA. We already know from Sect. 14.2.31 that iA has Ja as 
its Hamiltonian function: uj(-,Xa) — dJA- Thus, for any x £ Hr we obtain a 
H{x) 6 u*(H) such that: 

( M (x), -A) = f A (x) = hx, Ax) H (4.107) 

I 2 

In such a way we obtain a mapping: 

fi:H R ->u*(H) (4.108) 

which is called the momentum map |167j . 

More explicitly, it follows from Eq. (l4.100p that: 

Ma:), 1a> = Jrr(/i(a;)A) (4.109) 

? 2 

which, when compared with Eq. (|4.107p . yields: 

fi(x) = \x){x\ (4.110) 

We may therefore conclude that the unit sphere in % can be projected onto 
u*(J-L) in an equivariant way with respect to the coadjoint action oilA(H). Also, 
in finite dimensions, the unit sphere is odd dimensional and the orbit in u* (H) 
is symplectic. 

With every A G u* (H) we can associate, with the by now familiar identifi- 
cation (as with every other linear vector space) of the tangent space at every 
point of u* (H) with u* (H) itself, the linear function (hence a one-form) A : 
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u* (H) — > R defined as: A =: (A, ■) ». Then, we can define two contravariant 
tensors, a symmetric (Jordan) tensor: 

R(A,B)^)=:{^,[A,B] + ) U , (4.111) 

and a Poisson (Konstant-Kirillov-Souriau [113| 11141 H15[ [214] ) tensor: 

J(i,B)(0 = « ) [^5]->.. (4.112) 

(A, B,£ E u* (%)). We notice that the quadratic function /^ is the pull-back of 
A via the momentum map since, for all x G rl: 



H*(A){x)=Aoii(x) = (A,/i(x)), 
This means also that, if: £ = /u(a?): 



1 



(x,Ax)-u = Ja(x) 



(4.113) 



{H.G)(A,B) (0 = G(df A ,df B ) (x) = {f A J B } g (x) = f lA ,B] + (x) = R(A,B) (£) 

(4.114) 
where the last equality follows from Eq. (|4.62l) . i.e.: 



^G = R 
Similarly, by using now Eq. (|4.63|) . we find: 



(4.115) 



(p*A)(A, B) (0 = A(d/A, 4fe) (x) = {/a, /bM*) = /[a,b]_ (*) = '(A 5) (£) 

(4.116) 
i.e.: 

M»A = I (4.117) 

Thus, the momentum map relates the contravariant metric tensor G and the 
Poisson tensor A with the corresponding contravariant tensors it! and / . To- 
gether they form the complex tensor: 



(R + iI)(A,B)(0 = 2(Z,AB), 
which is related to the Hermitian product on u*tf-L), 



(4.118) 



Example 29 Let H = C 2 (the Hilbert space appropriate for a two-level system). 
We can write any A G u*(C 2 ) as: 



A = y°l + ya 



(4.119) 



where I is the 2x2 identity, y • a = y 1 o~\ +y 2 o- 2 +y 3 o~3 and: a =(<Xx, a 2 , cr 3 ) are 
the Pauli matrices: 



01 



1 







—i 




1 


n 


1 


,CT2 = 


i 





,0"3 = 





-l 



(4.120) 
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with the well-known identities 11831: 

Oh°~k = S hh I + is hk iai (4.121) 

(h, k, I = 1, 2,3) and: 

o-]0- k (Ji = iejkil + o-jSm - o-kSji + aiSjk (4.122) 

Every A £ u*(C 2 ) is then represented by the (real) "four-vector" (y A ,yA), and: 

y° A = l -Tr (A) ; y\ = l -Tr (a k A) ; k = 1, 2, 3 (4.123) 

or, in short: 

y^A) = (A\a^) , p = 0, 1,2, 3, a = I (4.124) 



Digression. 

Rank-one projectors (A — p,p^ — p, Trp = 1, p 2 — p) can be parametrized 
as (187] : 



p = p( 



sin 2 f ie^sinf 

±e-^sin6> cos 2 f 



O<6»<7r,O<0<27r (4.125) 



Then, they correspond to: 



y° = -, y 1 = -sin6»cos0, y 2 = - - sin sin <?!>, y 3 = --cosO (4.126) 

(hence: y 2 = 1/4 for all rank-one projectors). As already discussed elsewhere, 

we can associate with every A = (y A ,y A ) the vector field: y°(A)do +y 1 (A)di + 
y 2 (A)d 2 + y 3 (A)d 3 (<9 = d/dy° and so on). Also (see the discussion immedi- 
ately above Eq. (|4.111|l ). A = (A } -) u , will be represented by the one-form: 

A = y a (A)dy° + y 1 (A)dy 1 + y 2 (A)dy 2 + y 3 (A)dy 3 (4.127) 

Using then Eq. (|4.119l) one proves easily that: 

AB = (y° A y° B + y A ■ y B ) I + (y A y B + y B y A + iy A xy B ) • a (4.128) 

(with " x " denoting the standard cross-product of three- vectors) and henca 65 !: 

(AB) ut = ±Tr (AB) = y A y B + y^ ■ y B (4.129) 

Moreover: 



65 In particular: (p(6, (j>) p (9', 4>')) u . = 

{ 1 + sin $ sin 0' cos (</> — <//) + cos 9 cos 9' } /4 for rank-one proj ectors . 
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[A, B] + = 2 {(y° A y° B + y A ■ y B ) I + (y° A y B + y° B y A ) ■ a} (4.130) 

while: 

[A,B]_=2y A xy B -a (4.131) 

Then: 

R{A, B) (0 = (£, [A, B]+) u . - ([£, A} + , B) = 
2£° (l&i/S, + YA • y B ) + 2 (4y B + y% y A ) ■ $ = (4.132) 

2 (zA£ + ya ■ o 2/1 + 2 (y!U + e°yA) ■ y B 

and hence, explicitly [53]: 

B (0 = 2ft, (8 (^ft + ed 2 + £ 3 ft) + 2 (^ft + £ 2 ft + £ 3 ft) ® ft>+ , , . 
2£° (ft) (8 ft + ft <8> ft + ft ® ft + ft <8> ft) l J 

Quite similarly, one finds: 

7(1, B) (0 = 2(£ x y A ) • y B = 2( Yj4 x y B ) ■ £ (4.134) 

and: 

7 (0 - 2 (£ x ft A ft + £ 2 ft A ft + £ 3 ft A ft) (4.135) 

We thus find the following tensor: 

R + il = 2 [ ft ® /ft + y fc ft ® ft+ 

2/°(ft> ® ft + ft (8 ft) + ie hkl y h d k ® ft] (4.136) 



To conclude this Section, we define also two (1, 1) tensors, 1Z and J' : 
Tu* (U) -»• Tu* (%) that will be employed below in Sect l4~2"Ifl via: 

£ c (A) =:[£,A] + = 7" (!,.)(£) (4.137) 

and: 

Jt(A)=i[Z,A]_= I (£,.)($ (4.138) 

for any A G T^u* ("H) ~ w* ("H), the last passage in both equations following 
from Eqns. (I4T04J} and (I4.105|) . 

In the previous example ("H ra C 2 ) we find explicitly, in coordinates: 

7^ (A) = 2 (y° A e + y A ■ £) ft + 2 (,/° £* + ^Va) ft (4-139) 

or: 

ft c = 2 (e°d2/° + £ ■ dy) <g> ft + 2 (^dy + £%*) ® ft (4.140) 

and: 

^ (A) = 2s ijk Cy{d k (4.141) 

or: 

^ = teijkCdy* ® d k (4.142) 
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4.2.6 The space of density states 

We have seen in Sect. 14.2.41 that it is possible to obtain V(H) as a quotient 
of V. — {0} with respect to the involutive distribution associated with A and 
J(A). Eq. (J4.110I) shows that the image of % — {0} under the momentum map 
consists of the set of all non-negative Hermitian operators of rank one, that will 
be denoted as V l {U), i.e@ 

V 1 {U) = {\x){x\; x€H, i^O} (4.143) 

On the other hand, the coadjoint action of 14(H): (U, p) H> UpU^ (p e 
V 1 (U),U e U{U)) foliates V l (H) into the spaces V\(U) = {\x){x\ : (x,x) n = 
r}. In particular we have already denoted with T>\ (H ) the space of one-dimensional 
projection operators, which is the image via the momentum map of the sphere 
Sfi = {x e H ; (x, x)k = 1} and can be identified with the complex projective 
space P(H) via the identification: 

[x] e P{H) o ^4 e -DUH) (4.144) 

(x, x) 

We have also argued that P(H) is a Kahler manifold. In the following we will 
examine this fact in more detail, by showing explicitly that T>\(H) is a Kahler 
manifold. 

Let £ € u*(H) be the image through the momentum map of a unit vector 
x £ S-h, i-e. £ = |x)(x| with (x\x) — 1, so that £ 2 = £. The tangent space of the 
coadjoint ^/('H)-orbit at £ is generated by vectors of the form [A, £]_, for any 
Hermitian A. From Eq. (|4.104p . it follows that the Poisson tensor / defined in 
(|4.112|l satisfies: 

J(i,B)(0=te[AB]-)»*=(K,4»5) u . (4.145) 

This defines an invertible map / that associates to any one-form A the tangent 
vector at £: 1(A) =: I(A, •) = [£, A]_. We will denote with 77^ its inverse: 
%([£? A]-) = A. This allows us to define, on u*(T~L), a canonical two- form which 
is given by: 

VtdMU [*,£]-) =: (%([M]-), M-) = (i, [B,£]_) (4.146) 

for all L4,£]_, [£,£]_ e T^u*(H). 

It is also easy to check that r\ satisfies the equalities: ^([.A, £]_, [B, £]_) = 

-(i,[B,e]_) = -(A[B,e]_) u . - -(£,L4,-B]->»* - (L4, £]-,£>«*, for any 
A,Beu*CH). 

We can summarize these results in the following: 



66 Note that here the vectors are not necessarily normalized. 
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Theorem 30 The restriction of the two-form fr4-146\ ) to the U(H)- orbit T>\(H) 
defines a canonical symplectic form r\ characterized by the property 

T k ([A ) S]_,[B,S]_) = ([A ) t]_,B) am =-(S ) [A,B]_) u . (4.147) 

In a very similar way, starting from the symmetric Jordan tensor R given 
in (|4.11ip , one can construct a (1, 1) tensor R(A) —: R(A, •) = [£, A]+ and its 
inverse: <t([£, A] + ) = A. Thus we obtain a covariant tensor a such that: 

o- e ([A,S] + ,iB,$ + ) = {[A,£] + ,B) U * =(£, L4, £]+>«*• (4-148) 

Notice that, at this stage, a^ is only a partial tensor, being dehned on vectors of 
the form [A, £] + , which belong to the image of the map R. However, on T>\(Jt), 
we have [A, £]_ = L4,£ 2 ]_ = [[A, £],£]+, so that, after some algebra, one can 
also prove that: 

^([Ae]-,[-B,e]-) = ^(p,e]-,e] +J [[s ) e]-,e]H-) = (e,[[Ae]-,[s,e]-] + ) u . = 

= iTr(£[L4,£]-, [B,$-]+) = ±Tr(t[A,Z]-[B,£]_) = ([A,£]_, [B, £]_)„.. 
Therefore we have also the following: 

Theorem 31 On the U{'H)-orbit T>\{H) we can define a symmetric covariant 
tensor a such that: 

*t([M]-, [B,£]-) = ([A,tU [B,£]-U.. (4.149) 

holds. 

Moreover, going back to the the (1,1) tensor / given above, one has the 
following result [86] : 

Theorem 32 When restricted to £>}(%), the (1, 1) tensor I , which satisfies: 

P = -I (4.150) 

will become invertible. Hence: I 2 = —I and therefore it will define a complex 
structure j such that: 

m (!iA,Z]-,3t([B,S]-))=<Tt{[A,Z]-,[B,S]-) (4-151) 

%Cj£([A,€]-),^([B,e]-))=%([Af]-,[B > e]-) (4.152) 

Eq. (|4.150[) follows from a direct calculation by taking into account that £ 2 = 
£. The last two expressions follow by combining Eqs. (l4.147p and (|4.149|) . To 
prove that j is a complex structure one has first to show that it defines an almost 
complex structure (which follows easily from the fact that [[[A, £]_,£]_,£]_ = 
— [A, £]_) and then that its Nijenhuis torsion vanishes. Detailed calculations of 
this can be found in Ref . 86 . 

Putting everything together, we can now conclude that, as expected: 

Theorem 33 (T>{(H), j,a, rj) is a Kdhler manifold. 
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At last, we notice that there is an identification of the orthogonal complement 
of any unit vector x € H with the tangent space of the W("H)-orbit in u*(H) at 
£ = |ir)(x|. Indeed, for any y perpendicular to x (\\x\\ 2 = 1) the operators: 

P%=--{My) = \y){x\ + \x){y\ (4-153) 



can be written as P y = [A y , £] , where A y is a Hermitian operator such that 
A y x — iy, A y y = — i\\y\\ 2 x and A y z = for any z perpendicular to both x 
and y, as it can be directly checked by applying both expressions to a generic 
vector in H which can be written as ax + by + cz with a, 6, c G C Then, from 
Eqs. (l4.147p and (|4.149p , it follows immediately that, for any y, y' orthogonal to 
x: 

vdPy,Py') = -\Tr{i[A y ,A y ,y) = -±-.({y,y') (y',y)) = -u(y,y') (4.154) 



*t(PZ,P?) = l -Tr(Z[A y ,A y ,]_) = - l -{{y,y') + (y',y)) = g(y,y') (4.155) 
In conclusion, we have the following: 

Theorem 34 For any y,y' € T-L, the vectors (f-*)x(y),(^*)x(y) are tangent to 
the U{'H)-orbit in u*(1L) at £ — fi(x) and: 

c?((m*)z(j/), G"*)x(y)) = g(y, y') (4.156) 

%((M*)x(y), (lJ>*)x(y)) = -w(y, 2/') (4.157) 

3dv*)*(y)) = (v*)x(Jy) (4.158) 

where the last formula follows from Eq. ft4.15l\ !. 

More generally, with minor changes, we can reconstruct similar structures 
for any T>l(T-L), obtaining Kahler manifolds (D^CH), f 1 a r 1 if). The analog of 
above theorem shows then that the latter can be obtained from a sort of "Kahler 
reduction" starting from the original linear Kahler manifold ("He, J,g,uj). 

Example 35 Let us go back to the previous example of rank-one projectors on 
TL = C 2 . According to \J^.12G^ , the latter are described by three dimensional 
vectors £ = (y 1 ,?/ 2 ,^ 3 ) such that £ 2 = 1/4 (yo = 1/2 always), which form a 
2- dimensional sphere of radius 1/2. A generic tangent vector Xa and a generic 
one form A at £ are of the form Xa — y\^ + Va®i + Va^ + Va^3 an< ^ A = 
y° A dy° + y^dy 1 + y\dy 2 + y A dy 3 with y A = and y A ■ £ = 0. 

It is clear from \4.13J$ that the map I that associates to any one-form A the 
tangent vector at £: 1(A) =: I(A, ■) = [A, £]_ is manifestly invariant and given 
by: 1(A) = 2(£ x y^) ■ d, where we have set d = (d\, 82, d^). It follows that the 
two-form r]£ is such that: 

Ve ([A,£]_,[B,£}_) = 2£-(y A xy B ) (4.159) 



so that 

rie = 2e ijk y i dy j A dy k (4.160) 

which is proportional by a factor (y\ + 2/2+2/3) 2 to the symplectic two-form 
on a 2- dimensional syhera 67 ], when pulled back to the sphere. 

In a similar way, from {^.132\ ), one can prove that R(A) =: R(A, ■) = 
[i,A]+ = 2(y A y° + y A ■ £)do + 2{y° A £ + y y A ) ■ d. Thus, because of ffJJty , 
we have: 

*t([A,t]-, [B,£]-) = 4(C x y A ) ■ (£ x y B ) = y^ • ys (4.161) 

where the last equality follows from the fact that £ 2 = 1/4 and £ is orthogonal 
to both y A and ys ■ 

Finally, starting for example from Eq. ^.151]) , it is not difficult to check 
that 

fc([£,£]_) =y' B -d with : y^(x yjJ (4.162) 

A direct calculation shows that ji = — j^ . 

4.3 The geometry of quantum mechanics and the GNS 
construction 



In the previous Sections of this Chapter, we have worked out the geometrical 
structures that naturally arise in the standard approach to quantum mechanics, 
which starts from the Hilbert space and identifies the space of physical states 
with the associated complex projective space. In this framework, algebraic 
notions, such that of the C*-algebra that contains observables as real elements, 
arises only as a derived concept. 

In this Section, we would like to see how geometrical structures emerge also 
in a more algebraic setting, where one starts from the very beginning with 
an abstract C*-algebra containing the algebra of quantum observables as real 
elements to obtain the Hilbert space of states is a derived concept via the so 
called Gelfand-Naimark-Segal (GNS) construction [26]. A detailed discussion 
can be found in Ref. [42] . 

4.3.1 The GNS construction 



The algebraic approach known as the GNS construction started with the work 
of Haag and Kastler [97 , and is also at the basis of the mathematical approach 
to quantum field theory |95j . 

The starting point of this construction is an abstract C* -algebra A [26, 65j 
with unity, the latter being denoted as I. The elements a £ A such that: a — 



67 This is also the volume element of a 2-dimensional sphere of radius r = 1/2, as it should 
be. 



a* constitute the set A re (a vector space over the reals) of the real elements 6 ^ 

of the algebra. In particular: I G.4 re . The obvious decomposition: a = a\ +102, 

with: 

a + a* a -a* 

ai = — g— ; a 2 = — ^— (4.163) 

means that, as a vector space, A is the direct sum of Are and of the set Aim (also 
a vector space over the reals) of the imaginary elements, i.e. of the elements 
of the form ia, a G A re . A re can be given [42] the structure of a Lie- Jordan 
algebra [55], where, using here the conventions of Sect l4.2.51 the Lie product is 
defined as: 

[a, b] =: — (ab - ba) (4.164) 

while the Jordan product is given by: 

aob=^(ab + ba) (4.165) 

for all a, b G A re . The product in the algebra is then recovered as: 

ab = aob + i[a,b] (4.166) 

Remark 36 A typical example of a C* -algebra is the algebra B (H) of the 
bounded operators on a Hilbert space %. In this case \65^ : A re = B sa {H), 
the set of the bounded self-adjoint operators on %. 

The space T>(A) of the states over the C*-algebra A is the space of the 
linear functionals ui : A — >• C that are 951: 



• real: uj (a*) = uj (a) Va € A, 

• positive: uj (a*a) > Va G A and 



• normalized: ui (I) = 1 

Each functional w defines a non-negative pairing (•|-) tJ between any two 
elements a, b G *4 via: 

(a|6) w := W (a*6) (4.167) 

Reality and positivity of the state guarantee that the pairing (|4.167[) satisfies 
the Schwartz inequality, i.e.: 

IH&U < \fml4ml (4-168) 

but the pairing might be degenerate. We are thus led to consider the "Gelfand 
ideal" [551 Hi] I u consisting of all elements j G A such that ui(j*j) — and to 
define the set AjX M of equivalence classes: 

^ a =:[a + 2 u ] (4.169) 



'Also called the observables. 
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It is immediate to see that AjT^ is a pre-Hilbert space with respect to the scalar 
product 69 !: 

(tt„,tt 6 )=w(a*&) (4.170) 

Completing this space with respect to the topology defined by the scalar 
product, one obtains a Hilbert space % u on which the original C*-algebra A 
acts via the following representation 70 !: 

7r u (a)* 6 = * ab (4.171) 

Clearly the equivalence class of the unit element in A, i.e. il = tyj, satisfies: 
| l^i 1 1 := •^/(^il^'i) = 1 and provides a cyclic vector 1 ! for the representation n u . 
Moreover: 

(0|7r w (a)|0) =w(a) (4.172) 

This tells us that, if we consider that A acts by duality on T>(A), the 
Hilbert space corresponding to a given state uj is the orbit of A through u> itself. 
Notice that any other element b € A such that the vector $ = 7r„(6)Sl is of unit 
norm, defines a new state uj^ by: 

W tt(a) = (*|7r u (a)|*) = u{b*ab) (4.173) 

These states are called vector states of the representation 7r w , and are particular 
examples of more general states of the form: 

0J p {a)=Tr[p^{a)] (4.174) 

where p € B(H U ) is a density operator [63 [95]. States of the form (|4.174|) are 
called a "folium" of the representation 7r u . Also, one says that a state u> is pure 
iff it cannot be written as a convex combination of other states in T> (A), so that 
the set of pure states V 1 (A) defines a set of extremal points in T>(A). 

The universality and uniqueness of the GNS construction is guaranteed [26] 
by the following: 

Theorem 37 



1. If Tr u is a cyclic representation of A on H, any vector representation w$ 
for a normalized ^ , see Eq. fc4.l7J\ ), ie equivalent to tt^. 

2. A GNS representation n^ of A is irreducible iff ui is a pure state. 



69 The Schwartz inequality l|4,168|l implies: (i|a) = (a|i) = Va £ A, i G Z^, and hence 
that the scalar product 114.1701 1 does indeed depend only on the equivalence classes of a and b 
and not on the specific representatives chosen. 

70 Notice that if such a representation is faithful, i.e. the map it^ : a h> 7T u (a) is an 
isomorphism, the operator norm of ■K UJ (a) equals the C*-norm of a |26| . 

71 We recall 1951 that a vector fl € "Hui is called cyclic if n u (A) is dense in H u . 
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Example 38 The GNS construction can be very simple for finite- dimensional 
C* -algebras. Consider, e.g., the algebra A = B(C n ) of linear operators on C n , 
i.e. of the n x n matrices with complex entries. Any non-negative operator 
lu £ B(C n ) defines a state by: 

lu(A) = Tr[uA] , \JA e A (4.175) 

while we can define the scalar product in H^ as: 

(A\B) = uj{A*B) = Tr[BioA*\ (4.176) 

If uj is a rank-1 projector and {e^} is an orthonormal basis for which lu = 
l e i) ( e i 1 7 writing A km for the matrix elements of A in such a basis, the scalar 
product assumes the form: 

n 

(A\B) =^A kl B kl ( 4 - 177 ) 

fe=i 

while the Gelfand ideal I u is given by: 

1 U = {XGA : X kl =0,k = l,--- ,n} (4.178) 

Thus H u = A/ I u is nothing but C n itself and 7r w is the defining representation. 
If lu is a rank-m density operator: lu = pi|ei)(ei| + ••• + Pm\^m){&m\ with 
Pi," • Pm > and pi + • • ■ p m = I, the scalar product is given by: 

n m 

(a\b) = j2J2 pmA v B v ( 4 - 179 ) 

fc=l j=l 

and the Gelfand ideal is given by: 

1^ = {X eA : X kj = , k = 1, • • • , n; j = 1, • • • , m} (4.180) 

showing that H^ is the direct sum of m copies of C n . Now the representation 
7r u is no longer irreducible, decomposing into the direct sum of m copies of the 
defining representation: 

Tr UJ (A)=l m (g,A (4.181) 

where I m is the m x m identity matrix. 

4.3.2 Geometric structures over a C*-algebra 

Let V be a vector space and V* its dual. To any element v € V, there is a 
corresponding clement in the bi-dual v € (V*)* given by: 

v(a) = a(v) , Va e V* (4.182) 

Thus any multilinear function on V* , f : V* x • • • V* — > R defines, by restricting 
it to the diagonal, a polynomial function / G T{V*), f(a) = f(a, ..., a) , which 
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can be obtained from the "monomials of degree one", v £ (V*)* , on which one 
has defined the (commutative) product: 

(vi ■ v 2 )(a) := v\{a) 1)2(01) (4.183) 

Suppose now that on V there is defined an additional bilinear operation: 

B : V x V -> V (4.184) 

which induces a (in general noncommutative) product Xg on V C F(V*) by: 

ii x B v 2 = B(v 1 ,v 2 ) (4.185) 

Then we can define a 2-tensor tb in F(V*), at the point a, by the relation: 

T B {dv u dv 2 ){a) ;= a(B(v u Vi)) (4.186) 

which satisfies the Leibniz rule: 

TB^dv, d(vi ■ v 2 )) = r B {dv, vi ■ dv 2 + dv\ ■ v 2 ) = v\ ■ T B (dv, v 2 ) + T B (dv, vi) ■ v 2 

(4.187) 
Thus, Tsidv, ■) defines a derivation on V C J-(V*) with respect to the commu- 
tative product (I4.183P - 

In particular, suppose that B is a skew-symmetric bilinear operation which 
satisfies the Jacobi identity, so that g = (V, B) is a Lie algebra. The correspond- 
ing 2-tensor A :— tb' 

A{dv!,dv 2 ) = Bj^v^ (4.188) 

is a Poisson tensor in T(V*) and A(dv, ■) is a derivation with respect to the 
commutative product (|4.183|) . Moreover, A(dv,-) is a derivation also with re- 
spect to the product (I4.185[) . Indeed, by using the fact that B is antisymmetric 
and satisfies the Jacobi identity, one has: 

A(dv,d(v v v 2 )) = B(vJ3{^,v 2 ))= (4.189) 

= B{ Vl ^B(^,v 2 ))+B{Bt^),v 2 ) = 
= ii-A(dv,dv 2 ) + A(dv,dvi)-v 2 

Similarly, if on V one has a Jordan product B', the corresponding 2-tensor 
G := tb> is a metric tensor and G(dv, ■) is a derivation with respect to the 
commutative product (|4.183p . but not with respect to the product (I4.185|) . 

If now V — A is a C*-algebra, where we have defined both a Lie product 
and a Jordan product as: 

B(a\,a 2 ) •— [01,02] = — (01O2 - 0201) , V01, a 2 £ A (4.190) 

Zi 

and a Jordan product 

B'(ai,a 2 ) := oi o a 2 — -(aia 2 + a 2 a\) , Vai, a 2 £ A (4.191) 
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in J 7 (A*) we have denned both a Poisson tensor A and a metric tensor G such 
that A(da, •) and G(da 1 •) are both derivations with respect to the pointwisc 
commutative product, with the former being also a derivation with respect to 
the Lie product. It is also not difficult to check that the subalgebra B C A 
composed of all real elements, when embedded in F{A*), comes equipped with 
an antisymmetric and a symmetric product, denoted by [•, •] and o respectively, 
such that: 

1. The Leibniz rule is satisfied: [a, b o c] = [a, b] o c + b o [a, c], 

2. The Jacobi identity is satisfied: [a, [b, c\] — [[a, b],c] + [b, [a, c]], and 

3. The identity: (a o b) o c — a o (6 o c) = [[a, c], 6] holds. 

meaning that (B, [•, •], o) is a Lie- Jordan algebra ;65 Finally, we notice that the 
Hamiltonian vector fields: 

X a :=A(.,do) = -[o,-] ( 4 -!92) 

are derivations with respect to the Jordan product, since, by using the properties 
above: 

Xa(d(ai o a 2 )) = — [a, Si o a 2 ] = — [a, 6i] o a 2 H — ai o [a, a 2 ] 

= X a (dai)oa 2 + aio A a (da 2 ) (4.193) 

Let us go back now to the GNS construction and consider first a pure state 
to over A, which gives rise to the irreducible representation tt u in the Hilbert 
space 1-Lu- We have already seen (see Sect. 4.2.5) that self-adjoint operators, 
that correspond to the real elements of A, may be identified with the dual 
u*(Hu) of the Lie algebra u{H u ) of the unitary group U(hL u ) and how the 
momentum map 

^:U U ^ u*CHu) , MVO = I-0X-0I (4-194) 

relates the Poisson tensors on u* (H u ) with those on T-L u , via the pull-back. We 
will say that a Poisson map $ : S —¥ M, with (S, fi) a Poisson manifold, is a 
symplectic realization of a Poisson manifold (M, A). When S is a vector space 
we call $ a classical Jordan-Schwinger map |149j : when 5 1 is a Hilbert space, as 
in the case we are considering, we say it is a Hermitian realization. 

We have also seen that the unit sphere in H w — {0} can be projected onto 
u'i'Hu) in an equivariant way, in such a way that the Poisson and the Riemann 
tensor in V{J-Lu) are both related to the same tensors defined on u*(Hu>) by using 
the Lie and the Jordan product that are defined on it. Thus the momentum 
map provides a symplectic realization, which we call a Kahlerian realization 
where S is the complex projective space. 



4.4 Recovering a Hilbert Space out of 



d2/( 



Given now A Gg[(2n,K) = End(B. 2n ), A — llA 1 A\ we can make two distinct 
associations, namely: 
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> X * = Ai 3* J aZ- i (4- 1 ") 



i) g( (2n, R) — » (1, 1) tensor fields, via: 

A -^T A = A 1 jdx 3 — - (4.195) 

ax 1 

The correspondence is an isomorphism of associative algebras, i.e.: 

T A oT B = T AB (4.196) 

and T A is homogeneous of degree zero, i.e.: 

C A T A = (4.197) 

where A is the dilation (Liouville) vector field associated with the linear struc- 
ture of R 2 ™: 

A = ^ (4.198) 

ii) g[(2n, R) — > {linear vector fields}, via: 

d_ 
dx % 
The latter is only a Lie algebra (anti)isomorphism, i.e.: 

[X A ,X B ]=-X [AM (4.200) 

X A is also homogeneous of degree zero: 

[A,X A ]=0VA (4.201) 

i) and ii) are connected by: 

T A (A) = X A (4.202) 

Moreover, for any A,B Gfll(2n, R): 

£x A T n = -T [A;B] (4.203) 

Remark 39 Going back to the compatibility condition between, say, g and J, 
and defining the linear vector field: Xj = ,P jX-* (d/dx*) , one checks easily that 
the compatibility condition Jog + go.J = is identical to requiring: 

C Xj g = (4.204) 

This clarifies also why J can be associated with infinitesimal g- orthogonal trans- 
formations. 

Given now a triple, a Hermitian structure on R 2n will be a map: 
h:R 2n ^R 2 ; h(x,y) = (g (x,y) ,« (x,y)) = (g (x,y) ,g (x, Jy)) (4.205) 

R 2n can be given a complex vector space structure by defining, for z = 

a + i/3 e C: 

(a + i/3)-x =: ax + (3Jx (4.206) 
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Remark 40 Notice that, e.g., g (x,Jx) — Vx, i.e. x,Jx € M 2n are orthog- 
onal and hence M.-linearly independent 72 ], but they are not linearly independent 
when linear combinations with complex coefficients are allowed, as: Jx =: ix. 
This means that the complex dimension is reduced from 2n to n, and M. 2n s=a C" 
as a complex vector space. One possible (non- canonical i.e. not unique) way 
of "mapping" K. 2n onto C" is to choose a basis in R 2 ™ , to pick up n vectors 
(e 1 , ..., e n j of the basis and to construct C" by taking complex linear combina- 
tions thereof with the rule given above (i.e.: ze l —: ae l + j3Je l ). 

Then, we can write: 

h (x, y) = g (x, y) + iu (x, y) = g (x, y) + ig {x, Jy) (4.207) 

or: 

h (x, y) = u ( Jx, y) + iuj {x, y) (4.208) 

and in this way h will be a Hermitian scalar product linear in the first factor 
and antilinear in the second factoil 73 !. 

For the alternative descriptions obtained in the previous chapter, we get a 
new Hermitian scalar product by replacing u in (J4.207I) with tup. 

Let now an admissible triple (g, J, uS) be given on M. 2n . First of all we can 
construct the quadratic function: 

g=:ig(A,A) (4.209) 

and the associated Hamiltonian vector field T via: 

i r u = -dg (4.210) 

Explicit calculation shows that, with ui and g (admissible and) constant, T s 
forced to be a linear vector field: 

r = r^A (4.2ii) 

and that: 

r j = .r j (4.212) 

i.eO T — J, for short. This can be written in coordinate-free language as: 

r = J(A) and:A = -J(r) (4.213) 

Notice that T is symplectic: 

Ctco = (4.214) 



72 Indeed, if x ^ and ax + /3Jx = with a, ft 6 R, then: = g (ax + /3Jx, ax + /3 Jx) = 
(a 2 + /3 2 )g (x,x), implying a = /3 = 0. 

73 Had we been using: tu(x,y) = g(Jx,y) instead of u(x,y) = g(x,Jy) we would have 
obtained the opposite, which is the most common convention 56 183 among physicists. 
In terms of representative matrices. 
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with Hamiltonian function g. Therefore: 

= £ r g =\ (Crg) (A, A) + g (A, [I\ A]) (4.215) 

But [r, A] = 0, so r is also a Killing vector field: 

C r g = (4.216) 

Thus T will preserve both the metric, the symplectic structure and (of course) 
the complex structure, i.e. all the tensors of the admissible triple. So, there will 
be two linear vector fields " canonically" associated with every admissible triple, 
one of them defining the linear structure. 

Of course: 

C T h = (4.217) 

which is a complex condition equivalent to the two real ones: Crg — and: 
Cr-J = 0. As the linear transformations that leave the Hermitian scalar product 
unchanged are those of the unitary group on C n , L will be an infinitesimal 
transformation of this group, and the representative matrix (i.e. J) will belong 
to its Lie algebra. All the vector fields with this property will be called quantum 
systems. A quantum system will be therefore any linear vector field: 

0_ 

such that: 

C Xt h = (4.219) 

In terms of the defining matrices. The matrix A belongs then both to the Lie 
algebra of the orthogonal (^-orthogonal) group and to the Lie algebra of the 
symplectic group, i.e. Eq. (|4.219j) splits into the two real conditions: 

Cx A g = and: L Xk 0J = (4.220) 

The intersection of these algebras is the Lie algebra of the unitary group. At 
the finite level (i.e. by exponentiation) the one-parameter group exp{£A} will 
belong to a real realization of the unitary group U{n) in R 2 ". Notice also that 
the first of Eqs. (|4.220|) implies, together with Eq. (|4.201j) . that: 

£ XA g(A,A)=0 (4.221) 

Example 41 Consider, e.g., SU(2) in the defining representation, i.e.: 



^A-i'/Tn ( 4 - 21 8) 



SU(2) 3 U = 



a (3 
—j3 a 



M 2 + |/3| 2 = l (4.222) 



(i.e. we are viewing U as a (1, 1) tensor). Writing: U = a + ib, with a and b 
real 2x2 matrices, the unitarity condition U'U = I becomes: 

aa + Zb = I ; ah - ba = (4.223) 
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(i.e. ab must be a symmetric matrix). We can reali fi 75 ] C 2 onto K 4 as (z 
x + iy etc.): 



Zl 



and U as the 4x4 real matrix: 



G 



-> x = 



a —b 
b a 



X\ 

X2 

2/2 



(4.224) 



(4.225) 



Assume for simplicity the metric to be the standard Euclidean metric. Then it 
can be checked at once that the unitarity condition leads both to: 



and to: 
where: 



GG = l 

GIG = JJ 

-I 

1 



(4.226) 
(4.227) 
(4.228) 



with I the 2x2 identity matrix, i.e. JJ is the realification of the multiplication by 
the imaginary unit i in C 2 . In this case, as matrices: to = J (we stress however 
that u is a (0,2) tensor, while J is a (1, 1) tensor), and one checks easily that: 
h{x,x') = g{x,x') + iuj(x,x') ■$$■ zz' which is the Hermitian scalar product in 
C 2 antilinear in the second factor. G provides then also a realization of both 
SO{A) and of Sp(4), and hence of: SU{2) = 50(4) n Sp(A). Explicitly, the 
vector field associated with J will be: 



X\ 



d 

dyi 



d 



d 



oxi 6y2 



?/2 



d 

dx2 



(4.229) 



This is the dynamical vector field for the 2D harmonic oscillator. In C 2 it 
corresponds of course to: Zj =izj, j = 1,2. 

4.5 Compatible Hermitian structures and Bihamiltonian 
vector fields 

Consider two different Hermitian structures, h\ and hi, on R 2n , with associated 
quadratic functions g a (A, A) and Hamiltonian vector fields T a (T a = Xj a ), 
a = 1, 2. The two structures will be called compatible iff: 



£r!^2 = Cr 2 hi = 



(4.230) 



75 See, e.g., Ref.[5] Sect. 18. 
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which implies, of course, that the T's will be friHamiltonian. In more detail, 
this implies: Cr^2 — ^-r 1 g2 = as well as: £rig2 = (and similarly by 
interchanging indices) . 

As already recalled, given a symplectic form ui and/or a metric tensor g and 
a linear vector field X& , the following statements are equivalent: 

£ Xa uj = 0; u(Ax,y)+tu(x,Ay) = 0; wA =(wA) (4.231) 

as well as: 

£x A g = 0; g (Ax, y) + g (x, Ay) = 0; gA = -(^A) (4.232) 

(remember that u is skew-symmetric: ui = —uj, while g is symmetric: g = g). 
So, A"a will leave u invariant iff wA is symmetric! 76 !, and it will leave g invariant 
iff gA is skew-symmetric. 

Now, as Cr 1 u>2 = = £ri52 and: ir 2 U!2 = ~dg2'- 

= C Vl (ir 2 w 2 ) = C Tl u2 (T 2 , .) = w 2 ([r 1; r 2 ] , .) (4.233) 

and, as the symplectic forms are non-degenerate: 

[r l7 r 2 ] = o (4.234) 

which, in view of the fact that: T a = Xj a , a = 1, 2 implies (and is implied by): 

[Ji,J 2 ]=0 (4.235) 

Given a symplectic form u, the Poisson bracket of any two functions / and 
g is given by: 

{f,g}=w(X g ,X f ) (4.236) 

where Xf and X g are the Hamiltonian vector fields associated with / and g 
respectively. Hence, denoting with {•,•}„ the Poisson bracket associated with 
tu a (a — 1,2) we have, e.g.: 

{gi, g 2 } 2 = oj 2 (r 2 , Ti) = -dg 2 (Ti) = -C Tl g2 = (4.237) 

and similarly with the other Poisson bracket. All in all: 

{gi,g 2 } 1 ={gi,g 2 } 2 = (4.238) 

Out of the metric tensors and symplectic structures one can form the (1,1) 
tensors: 

G = g^og 2 (4.239) 

(not to be confused with the (2, 0) tensor G introduced in Sect l4.2.3|) and: 

T = uj^ 1 o oj 2 (4.240) 



3 Compare Ch.3. 
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In intrinsic terms: G (X) = g 1 1 (#2 PO)j i- e - : 

G = G* 3 dx? ® -?-■ G 4 , = ( 5l f (fla) fcj (4.241) 

and similarly for T. The two are not independent, though. Indeed, using: 
Ja = {g a y °u a (a = 1,2) and: J" 1 = -J a : 

G = -J l oToJ 2 ^>T = -J l oGoJ 2 (4.242) 

Having been built out of invariant tensors, it is clear that: Cr a G = Cr a T = 
0. In terms of the defining matrices, this implies (see the previous Section): 

[G, J a ] = [T, J a ] = 0, a = 1,2 (4.243) 

Hence: GT = - J x o T o J 2 o T = -T 2 oJ l o.J 2 = TG, i.e.: 

[G,T]=0 (4.244) 

By direct calculation, using the representative matrices and the symmetry 
of the metric tensors, one proves immediately that: g\(Gx,y) = g 2 {x,y) = 
gi (x, Gy). Also, by direct calculation: g 2 (Gx, y) = (gi) -1 {g 2 (x, .) , g 2 (y, .)) = 
g 2 (x,Gy). Hence, G is self-adjoint w.r.t. both metrics: 

g a (Gx,y) = g a (x,Gy), a = 1,2 (4.245) 

Furthermore, the compatibility condition implies: Cr 1 '^2 = 0. In terms of the 
representative matrices, this implies (see above): uj 2 3\ = (uj 2 J\). As: u = —lo 
and J\ = —W\ o g^ , we obtain: lu 2 o g^ o u>\ = u>\ o g^ o uj 2 . This implies: 
[uj^ o il) 2 ) o g^ o u>i = g^ o (uj 2 o uj^ ) o lu\ or (multiplying on the right by 
tu^ and remembering that: T = lj^ o lo 2 ): T o g^ = 9\ ° T ■ Remembering 
the definition of the adjoint of a (1, 1) tensor we have then: 

T = . 9 r 1 oTo gi = (rt) i (4.246) 

i.e., T is self-adjoint w.r.t. the metric g\. Interchanging indices, one proves 
that: [T'j 2 — T as well. Finally, each J a (a = 1,2) is sfcew-adjoint w.r.t. the 

respective metric tensor: J a — — (J%) = —ga l °Ja 9a- On top of that we have 

also, e.g.: \J{\ = g^o^og^, = -g~ 1 og 1 oJ 1 og~ 1 og 2 = -G~ 1 oJ 1 oG = -J 1: 

as G and the J's commute. Interchanging indices, one proves a similar result 
for J 2 . All in all: 

(Jt) 6 = -J a , a, b = 1,2 (4.247) 

In summary, G, T, J \ and J 2 are a set of mutually commuting operators. G and 
T are self-adjoint, while J\ and J 2 are skew-adjoint w.r.t. both metric tensors. 

G being self-adjoint, one can proceed to diagonalize it, and V = K 2 ™ will split 
into an orthogonal suni 77 ! of eigenspaces: V = £ft V& where: G|v fc = \A 

fc=l,...,r 



The sum will be orthogonal w.r.t. both metrics. 
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and the Afc's (k — 1, ...,r < 2n) are the distinct eigenvalues of G, and A& > 0. 
Notice that, as: G — g± 1 o g 2 , this implies: 

S2k=A fc5 ik ( 4 - 248 ) 

T commutes with G and is self-adjoint as well. Then Vfc will decompose 
further into the (bi)orthogonal sum: 

V fe = 0W fe , Q (4.249) 

where, denoting as Hk, a the distinct eigenvalues of T in Wk (labeled by the 
index a), Wfc )Q , will be the eigenspace of the eigenvalue Hk,a- Once again: 
r |w fc , Q = Mfc.cJfc.aj and hence: 

w 2|w fc , Q = Mfc,a^i|w fc>Q (4.250) 

Notice that, neither symplectic form being degenerate by assumption, each Wfc, Q 

will be necessarily even-dimensional. The dimension of each Wk.a will be then 

at least two. 

The complex structures J\ and J 2 commute with both G and T. So, they 

will leave the subspaces Wfc iQ invariant. Reconstructing them from the g's and 

cj's we find: 

^Iwfc a = -r^^ilwfc a (4.251) 

Afe 

and, as: J : 2 = J 2 = -I: (/ifc.a/Afc) = 1, i.e.: ^fc,a = ±Afc, implying: 

^2|w fc , Q = ±^i|w fc , Q (4.252) 

Therefore, the index a can assume only oi most two values, corresponding to 
±Afe, i.e.: Vfc = ffiWjt ]Q at most, with Wfc,± corresponding to the eigenvalues 

±Afe respectively. The dimension of each eigenspace Vfc will be then at least two 
if only one of the possible eigenvalues ±Afe of T is present, at least four if both 
are present. Hence, the maximum number of distinct eigenvalues of G will be 
r < n. 

In general, a (0,2) and a (2,0) tensors (such as, say, g 2 and g^ 1 ) can be 
composed to yield a (1, 1) tensor. They will be said to be "in a generic position" 
iff the resulting (1,1) tensor has eigenvalues of minimum degeneracy. In the 
present context, we will say that hi and hi are in a generic position iff the 
eigenvalues of both G and T have minimum degeneracy, which means double 
degeneracy. Then: r — n and we will have the (bi)orthogonal decomposition: 

V= E fe (4.253) 

fc=l n 
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where: dimE^ = 2 and either E& = Wk,+ or E^ = Wfc._ (only one can be 
present but not both, otherwise A& would be fourfold degenerate). One can 
choose in Ek a gi-orthogonal basis (ei, e 2 ) in such a way that: 

9i\ Ek = e* (g) e* + e* (g) e; (4.254) 

the e*'s being the dual basis: e* (ej) — Sij. Then the condition: g\ (x, Jiy) + 
gi {J\x, y) — will imply: 

Ji\E k = e 2 <g)e* -ei0e2 (4.255) 

or the opposite (i.e.: J\e\ — e 2 , Jie 2 = — ei), and hence that: 

Lo 1 \ Ek = e* 1 Ae* 2 (4.256) 

Correspondingly, we will have: 

g2\s k = Xkgi\s k ; hW = ±^i|B fc ; w 2 |s fc = ±A fe wi| Efe (4.257) 

Coming now to the general problem of bihamiltonian fields, every linear vec- 
tor field r preserving both h\ and /i 2 will have a representative matrix commut- 
ing with those of G and T. Therefore, it will be block-diagonal in the common 
eigenspaces of both tensors. In the generic (linear) case, the analysis can be 
restricted to the two-dimensional eigenspaces E^ . On each one of these T will 
preserve both a symplectic structure and a positive-definite metric. Therefore 
it will be in sp (2) n so (2) = u(l) and it will represent a harmonic oscillator, 
with a frequency possibly depending on Ek- 

Using, say, Ti and T, one can construct the n vectors: Tk+i = T k Ti, 
k = 0,1, ...,n — 1. First of all one sees immediately, by looking at the rep- 
resentative matrices, that, as that of Ti is J\, which commutes with T, the IVs 
will commute pairwise, i.e.: 

[r r ,T s ] =0Vr,s = l,2,...,n (4.258) 

Moreover, we have shown that T can be brought into the diagonal form: 

T= pA (4.259) 

k=l,...,n 

with pk = ±A/c and pk 7^ p r for k =/= r. If the T's were linearly dependent, there 
would exist a linear combination such that: 

n-l 



^a r T r = (4.260) 



r=0 

But on each Ek this would reduce to: 

n-l 



J2 a r(pkY = 0, fc = l,...n (4.261) 



r=0 
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The determinant of the coefficients of this system of linear equations being 
the Vandermonde determinant of the p's, it will be nonzero, and hence the a's 
must all vanish, which proves that the T's are linearly independent, and hence 
a basis. As T is a constant tensor, its Nijenhuis torsion vanishes identically. 
Therefore, as discussed in Sect|B] T is a strong recursion operator.M 

What has been proved up to now is the following. Given two admissible 
triples: (gi,u>i,Ji) and (g 2 ,<^2, J 2 ), on V « R 2 ™, each triple defines a 2n- 
dimensional real representation U r (2n, g a , 0J a ) , a = 1, 2, of the group that leaves 
simultaneously invariant both g a and u a (and hence J a ), i.e. of the unitary 
group. The intersection: 

W r = U r (2n,gi,Ui)nU r (2n,g 2 ,uj2) (4.262) 

will be the common invariance group of both triples. As shown in a 2D exam- 
ple in Rcf. 160 and as emerges from the previous analysis, the compatibility 
condition implies that W r does not reduce to the identity alone. Any "quan- 
tum" bihamiltonian (linear) vector field T, i.e. a field such that: £r^ a = and 
Crg a — will be in the Lie algebra of W r . In the generic case: 

W r = 50(2) x SO (2) x ... x SO{2) (4.263) 



otherwise: 

W r = U r {2r 1 ;g,u J )xU r (2r 2 ;g,Lj)x ... x U r {2r k ;g,u) (4.264) 

where (g,u) is any one of the pairs (g a ,w a ) and: r\ + ... + r^ = n. Quite a 
similar analysis can be done by complexifying V in two different ways using the 
two complex structures and reasoning in terms of the two Hermitian structures. 
In the generic case, then: 

W r = U(l)xU (1) x ... x U (1) (4.265) 



For further details, see Ref. jl60j . 

To end this Section, we will like to rephrase the previous results in a way 
more suitable to be generalized to the infinite dimensional case. 

We first notice that, going back to the original complex n-dimensional Hilbert 
space H, there exist two positive constants a and /3, such that: 

a\\x\\i < ||a;||2 < /3|W|i , Vx e H (4.266) 



This implies, by Riesz's theorem |112[ 1192] 1204] . that there exists a bounded 78 ! 
positive and self-adjoint operator F such that: 

h 2 {x, y) = h t {Fx, y) , Vx, y e H (4.267) 



78 With respect to both Hermitian structures. 
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Formally (h a = g a + iw a , a = 1, 2): 

F = hf 1 o h 2 (4.268) 

and F replaces the previous G and T. 

Then |169[ 1171] a necessary and sufficient condition for hi and h% to be in 
generic position is that F be a cyclic operator, i.e. that there exists a vector 
xo such that the vectors Xq,Fxq,--- ,F n ~ 1 Xo span the whole Hilbert space. 
Indeed, when h± and h 2 are in generic position, F has n distinct eigenvalues, 
Afe. If we now denote with {fk} its eigenvector basis and with {^ fe )} a set of n 
nonzero complex numbers, we can construct the vectors 

F m x = J2 M (fc) Ar/fe , m = 0, 1, • • • , n - 1. (4.269) 

k 

They are linear independent because the determinant of their components is 
given by (Y\ k t i< - k '')V(Xi,--- ,A„), where the Vandermonde determinant V is 
nonzero, the eigenvalues Afc's being distinct. Clearly, the converse is also true. 

Also, it has been argued in Ref4l60 , that "bi- unitary" operators, i.e. oper- 
ators that are unitary w.r.t. both Hermitian structured 79 !, must commute with 
F (the proof is simple and we refer to the above reference for it), i.e. bi-unitary 
operators are in the commutant F' of Jl 80 !. 

The results of this discussion can be summarized in the following: 

Proposition 42 Two Hermitian forms are in a generic position iff the bicom- 
mutant of F coincides with the commutant: F" = F' . 

It should be clear from our presentation that many results will carry over 
to the infinite-dimensional case, although new problems may arise because the 
algebraic properties do not " control" properties such as continuity and differen- 
tiability in infinite dimensions. 

4.6 The infinite-dimensional case 

In the (genuinely) infinite-dimensional case of a Hilbert space H there arise two 
difficulties, namely: 

i) Given two Hermitian structures, (•, -)i and (•, -) 2 on H defining two complex 
scalar products (both linear in, say, the second factor and antilinear in the first, 
but this is not a crucial point), they might define two non-equivalent topologies 
on H, and: 



79 Of course, any linear vector field that leaves both h's invariant will generate a one- 
parameter group of bi-unitary transformations. 

80 The commutant F' of F is the set of all operators that commute with F. It is of course 
closed under commutation because of the Jacobi identity, i.e. it is a Lie algebra. The bi- 
commutant F" is the set of all operators that commute with all those in the commutant. In 
particular, they will commute with F itself, and hence: F" C F' . Moreover, any two opera- 
tors in F" must commute among themselves. F" is therefore a (maximal) Abelian subalgebra 
of F' i.e. F" is the center of F' 
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ii) The spectra of self-adjoint operators may have both a point part and a 
continuum part. 

Point i) is taken care of in an almost standard way, assuming that there 
exist two positive constants a and j3, such that formula (I4.266|) holds. It follows 
that we can define the operator F as in (I4.267[) . But now, due to point ii), 
we have to better specify what we mean, for example, by requiring F to have 
nondegenerate eigenvalues. On the other side, the definitions of the commutant 
and the bicommutant of F are of purely algebraic character and can therefore 
be generalized to the infinite dimensional situation. Then, following Refs. [169] 
and |171j . we will adopt the following definition: 

Definition. Two Hermitian structures hi and /12 are said to be in generic 
position iff F" = F' , F being their connecting operator. 

To proceed further in understanding the situation in which F has also a con- 
tinuous spectrum, one needs suitable mathematical tools such as the spectral 
theory and the theory of rings of operators in Hilbert spaces |192) . We first ob- 
serve that F' and F" C F' are both (weakly closed) rings of bounded operators 
on H. Now, given any set S £ B(R), it can be proved [192] that the minimal 
weakly closed ring R(S) containing S contains only those elements A £ S" such 
that 

E a A = AE a = A (4.270) 

where Eq is the so called principal identity of the set S, i.e. the projection 
operator on (kerS DkerS^)- 1 . If S = {F}, F being self-adjoint and positive, we 
have that I £ R(F) and R(F) = F", which is therefore commutative. 
If we decompose now F in terms of its spectral family {P(X)}: 

F= I XdP(\) (4.271) 

Ja 

where A = [a, b] is a closed interval containing the spectrum of F, it is possible 
to show that: 

a) The weakly closed commutative ring R(F) corresponds to a decomposition 
of the Hilbert space H into the direct integral 



= / H x da{\) (4.272) 

Ja 



where the measure <r(A) is obtained from the spectral family {P(A)} of F. 

b) Any operator A £ F' can be represented as 

A = [ A(X) da(X) (4.273) 

Ja 

where A(X) is a bounded operator on H\, for almost all A. 

c) Every B £ F" = R(F) is a multiplication by a number 6(A) on H\, for almost 
all A. 

Moreover, since R(F) is a maximal commutative ring by itself, the family F'(X) 
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of all operators A(X) corresponding to F', for a fixed A, is irreducible so that 
we can rewrite a, b) above as: 

a') The spectrum A of F is the union of a countable number of measurable sets 
Afc such that, for A G A/., the spaces H\ have the same dimension nk (finite or 
infinite) and: 

H = © / H * da ( X ) ( 4 - 274 ) 

b') Any A £ F' can be written as 

A = J A(X)da(X) (4.275) 

Now, going back to the two Hermitian structures hi and hi on H, since the con- 
necting operator F acts on each H\ as a multiplication by the number A, we can 
easily derive the following result generalizing the finite-dimensional situation. 

Proposition 43 There exists a decomposition ofM. as direct integral of Hilbert 
spaces H\, of dimension nk such that in each H\: hi = Xh\. 

It follows that the elements of the unitary group that leave simultaneously 
invariant h\ and h 2 have the form (see Eq.(4.5.3)): 



U -®L 



U k (X)da(X) (4.276) 

A fc 

where Uf-(X) is an element of the unitary group U(rik), for each A G Afc. 

Also, it is now immediate to prove that definition (1) is equivalent to: 

Definition. Two Hermitian structures hi and hi are said to be in generic 
position iff the spaces H\ are one- dimensional. 

Indeed, if hi and hi are in generic position, then R(F) = F" = F' , so 
that the latter is commutative and A(X), for almost all A G A, acts on a one- 
dimensional Hilbert space H\. Conversely, if R(F) = F" ^ F', F 1 is non- 
commutative and hence there is a subset Ao C A such that H\ has dimension 
greater than one for A G Ao. ■ 

Notice also that, in the generic case, the operators £4 (A) in (|4.276p are 
one-dimensional and reduces to a multiplication by a phase factor exp[i#(A)]. 

Finally, we may prove the following equivalence between the genericity con- 
dition and the cyclicity of the operator F: 

Definition. F is cyclic iff F" = F'. 

This follows from the fact that, if F" = F', the latter is commutative and 
each space H(X), where F acts as a multiplication by A, is one-dimensional. So 
the vector x n = I/A is a cyclic vector. Viceversa, if we suppose now that F is 
cyclic, each H(X) is one-dimensional and any A E F' acts as a multiplication 
by a number. Hence F' = F" = R(F). ■ 
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Example 44 A ■particle in a box. We consider the operator F = 1 + X 2 
where X is the position operator which acts as multiplication by x on the Hilbert 
space L 2 ([— a, a], dx). From the spectrum Ax = [—a, a] and the spectral family 
{Px(X) = X[-u.\]} of X ( X[-a,\] being the characteristic function on [— a, X]), 
one easily sees that the spectrum of F is Ap = [1,1 + a 2 ] while its spectral family 
{Pf(X)} is given by 

P F (X)=P(\/X^ T)-P(-^/X~T) (4.277) 

In fact, t is easy to check that: 

I (4.278) 







P 2 

r F 


= Pf: 


Pf 


(1) 


= 0; P F (l + a 2 
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■I 


-a. a 


{\ + \ 2 )dP{\) 

1 


If we 


now divide 


the in 


terval 


as [ 


—a, 


a] = [-a, 0] U [( 



(4.279) 

-a, 0] U [0, a] and change variable 
by setting X = —\J\x — 1 or X = ^ jjl — 1 in the negative or positive parts of the 
interval respectively, we get: 



F= / XdP F (X) (4.280) 

J[l,l+a 2 ] 

Now F has no cyclic vector on the whole L 2 ([—a, a}) since G' , which contains 
both X and the parity operator is not commutative. On the contrary, X[-a,o] * s 
cyclic on L 2 ([— a, 0]) and, similarly, X[o,a] * s so on L 2 ([0,a\). Thus the Hilbert 
space splits in two F-cyclic spaces: L 2 ([— a, a}) = L 2 ([— a,0]) ©L 2 ([0,a]) and 
we obtain the decomposition 



[1,1+a 

where the measure is obtained from 



[ H x da(X) (4.281) 



a(X) = Pf(X)x[-*,o] - iV(A)x[o,a] - VX~1 (4.282) 

Notice that the spaces H\ are one- dimensional if we work in the interval [0, a] 

or bidimensional if we consider [—a, a]. Also, the bi-unitary transformations 
read, respectively, as: 

U= [ e^ (A) rf(T(A) (4.283) 

U= I U 2 {X)da{X) (4.284) 

J[l,l+a 2 ] 
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5 From Finite to Infinite Dimensions. Weyl Sys- 
tems 

5.1 An Abstract Setting for Weyl Systems 

A known theorem by A.Wintner [232] states that if, say, q and p are quantum- 
mechanical operators on an infinite-dimensional Hilbert space satisfying a com- 
mutation relation of the form: [q,p] = cl (or, better: [q,p\ C cl), with c a 
constant and I the identity operator, then at least one of them must be un- 
bounded. 

Motivated then by the need of formulating Quantum Mechanics without 
having to do with unbounded operators, it was apparently H.Weyl |225j (see 
also |218j ) who proposed first a different scheme of quantization that goes as 
follows: 

Let S be a (real) linear vector space endowed with a constant! 81 ! symplectic 
structure 82 ! u>. Weyl's approach consists in the following: 

• It is a map W from S to the set of unitary operators on a (so far 
unspecified 83 !) Hilbert space H: 

W:S^U{H) (5.1) 

via: 

S3 z^W(z)eU(H), W(z)W f (z) = W f (z)W(z)=l (5.2) 

with the following specifications: 

• W is a strongly continuous map, and 

• For any z, z' G S: 

W(z + z') = W (z) W (z') cxp {- iu {z, z') /2h} (5.3) 

with h the reduced Planck constant. It follows then that: 

W(z)W(z) = W(z')W(z)exp{iu(z,z')/h}, Vz,z' (5.4) 

Moreover, setting z' = in (|Q|) we obtain: W" 1 (z)W(z) = W (0), and 
hence: W (0) = I, while setting z' = —z we obtain: W~ l (z) — W (— z), and 
hence: 

WHz) = W{-z) (5.5) 



81 I.e. translationally-invariant. 

82 Hence, necessarily: dim (5) will be even, and: S ~ R 2n for some n. 

83 That's why the setting we are describing here has been defined as "abstract" 
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Then, a Weyl system is a projective unitary representation of the linear 
vector space S (thought of as the group manifold of the translation group) in the 
Hilbert space H. 

As a running example we shall consider S — M 2 with coordinates (q,p) and 
the standard symplectic form: uj = dq A dp, which is represented by the matrix: 



1 
-1 



Hence: 

u((q,p),(tf,p')) = | q P 

and therefore: 



1 

-1 



W((q,p) + (q',p')) = W(q,p)W(q',p')exp 



2h 



= qp' - q'p 



(qp - q'p) 



(5.6) 
(5.7) 

(5.8) 



In the general case, we can decompose S into the direct sum of two La- 
grangian subspaces: S = Si(BS 2 , and hence any vector z as: z = (z\, 0) + (0, Z2), 
z\ G Si, Z2 € ^2. We can consider then the restrictions of W to the Lagrangian 
subspaces, i.e.: 

U = W\ Sl :Si->H (5.9) 

and: 

V = W\s 2 :S 2 ^U (5.10) 

As: u\s 1 = u\s- 2 = 0, U and V are faithful representations of the corresponding 
Lagrangian subspaces: 

U ( Zl + z[) = U (zi) U (z[) ; z 1 ,z[eS 1 (5.11) 

and similarly for V. Moreover: 

U ( Zl ) V (z 2 ) = V (z 2 ) U (zi) exp {zw ((z u 0) , (0, z 2 )) /h} (5.12) 

Viceversa, we have the following: 

Proposition: Given two faithful representations U and V of two transver- 
sal Lagrangian subspaces of a symplectic vector space S satisfying (|5.12p . the 
map: 



z^W{z) = U { Zl ) V (z 2 ) exp {-iuj {{z x , 0) , (0, z 2 )) /2h} 



(5.13) 



is a Weyl system. 

The proof that (|5.13[) does indeed satisfy the defining property (J5.3I) can be 
done by direct calculation, and will be omitted here.B 

Consider now a one-dimensional subspace of "H spanned by a fixed vector z. 
From (|5.3p we have, with a, fj real numbers: 



W (az) W {J3z) = W({a + (3) z) 



(5.14) 
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Therefore, < W (az) > is a strongly continuous one-parameter group of uni- 

taries and, by Stone's theorem [201 : 

W (az) = exp UaG (z) /hX (5.15) 

with an infinitesimal generator G (z) which is (essentially) self-adjoint. Further- 
more, < W (a/3z) > is also a strongly continuous one-parameter group, and 

therefore: 

W (a(3z) = exp U/3G (az) /h\ (5.16) 

and, setting /? = 1, we find: 

G(az)=aG(z) (5.17) 



In terms of infinitesimal generators and setting: z — > az,z' — ¥ /3z', Eq. (|5.4p 

e iaG(z)/h e iPG(z')/H _ e iaPu(z,z')/h e iaG(z)/h e i0(^)/h (5.18) 

and, for a and j3 infinitesimal, this yields, to the lowest nontrivial order: 

G(z),G (z')] = -ifjw (z, z') (5.19) 

5.2 Von Neumann's Representation Theorem 

What is lacking in the "abstract" presentation of the previous Section is a 
concrete realization of the Hilbert space "H on which the mapping W should 
operate. 

Before discussing von Neumann's theorem, let us resume our running exam- 
ple on M 2 « T*R. Writing (q,p) as: (q,p) = (g,0)+(0,p), whence: w ((g,0) , (0,p)) 
gp, our Weyl system becomes ( z = (q,p) ,Z\ = (g, 0) , z% = (0,p)) (see Eg. ([5.810 : 

t? (g, p) = W ((g, 0) + (0, p)) = W (g, 0) W (0, p) exp {-iqp/2h} (5.20) 

while: 

W ? (g + g',0)=t?(g,0)W ? (g',0) (5.21) 

and similarly for W (0,p). Define then: 

W : (g,0) = exp|?gP/fi}; M? (0,p) = exp UpQ/hX (5.22) 

In other words, as: (g, 0) = g (1, 0) , (0,p) = p (0, 1), we are defining: 

G(0,l) = g, G(1,0) = P (5.23) 

with (cfr. Eq. (|5TT9l ): 

g, Pi = jftl (5.24) 
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Moreover, using the truncated Baker-Campbell-Hausdorff [201] formulcO one 
finds easily: 

W(q,p)=exp{i(qP+p(f) /ft} (5.25) 

Consider now L2 (M, dx) with the Lebesgue measure, and define the families 
of operators \U {q)\ and \ V (p) > via: 

(U(q)^j(x)=^(x + q) (5.26) 

and: (^ V 

( V 0) ^J (a;) = exp {ipx/ft} V> (x) (5.27) 

for ip £ ^2 (Rj dx). It is easy to show that both families are actually one- 
parameter, strongly continuous groups of unitaries, and that: 

(U (q) V (p) ^) (x) = exp {iqp/H} (9 (p) U (q) </>) (x) (5.28) 

Then: 

W(q,p) = U (q)V (p) exp {-iqp/h} (5.29) 

is a concrete realization of a Weyl system. Defining again: U (q) = exp < iqP/h > 

and: V (p) — exp < ipQ/H >, we find both Eq. (|5.25|) and, at the infinitesimal 
leveS 

(dtp) (x) = xtp (x) , (Pip) (x) = -ih-f- (5.30) 

Moreover: 

(W (q, p) V>) (x) = exp {ip [» + q/2] /ft} ip (x + q) (5.31) 

A generic matrix element of W (q,p) will be given then by: 

+00 



0, W (q,p)ip) = exp {i<7p/2fr} / da;</> (cc) exp {ipx/ft} ip (x + q) (5.32) 



Remark 45 Viewed as a function onT*Q, (ifi,W(q,p)ip) is square-integrable 

for all 4>,ip £ L 2 (R). Indeed, defining the Lebesgue measure on R 2 as dqdp/2ith, 
a direct calculation shows that: 

^,W{q lP )^ =: Jj^ ^W^p)^ 2 = U\\ 2 M 2 (5.33) 



84 e a+b = e a e b e -[a,b]/2 whenever: [a, [a, b]] = [b, [a, b]] = 0. 
85 And in the appropriate domains. 
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Instead, for plane- wave states: 

4> (x) = (1/V^7r) exp(ik'x), ip (x) = (1/v^tt) exp(ifcx) (5.34) 



and denoting as \k'\W (q,p)\k) the matrix elements of W (q,p) between these 
states, we obtain: 

(k'\W(q,p)\k) = 6(k-k'+p/h)exp(iq(k + k')/2) (5.35) 

and, in particular: 

(k\W(q,p)\k) =h5(p)exp{ikq} (5.36) 

Integrating Eq. (|5.36j) over fc, we obtain for the trace of Wl 86 l: 

Tr{\V(q,p)\ =2nh,5(q) 6 (p) (5.37) 

Coming now to the general case, let's assume that we are given a symplectic 
vector space (S, to) and a decomposition of S as the direct sum: 

S = Si © S 2 (5.38) 

with Si and S2 Lagrangian subspaces. Every vector zg5 can then be decom- 
posed in a unique way as: z = (zi, 0) + (0, z-i) , Zi € <S,,i = 1, 2. Let us remark 
first of all that the symplectic structure allows each one of the two subspaces to 
be identified with the dual of the other. Indeed, we can define a pairing: 

(., .) : S 2 x Si -> R (5.39) 

via: 

(z 2 ,z 1 ): W ((z 1 ,0),(0,z 2 )) (5.40) 

The details of the proof that in this way S2 ~ S* (and viceversa, of course) 
can be found in Ref. |135j . 

Assume now H to be a separable Hilbert space and let: 

V : S 2 - « ^ 5 - 41 ) 

be unitary, irreducible and strongly continuous representations of Si and S2 
respectively on H, satisfying the additional condition that defines the "Weyl 
form" of the commutation relations: 

U (zi) V (z 2 ) = V (z 2 ) U (zi) exp {iu {(zi,0) , (0, z 2 )) /h} (5.42) 



86 Actually, we can define the trace only if wc admit distribution- valued traces. Strictly 
speaking |59l . and as Eg. 115.331 1 shows, W is bounded but not trace-class. 
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Then we can define: 

W (z) = U (zi) V (z 2 ) exp {-iu ((zi, 0) , (0, z 2 )) /2ft} (5.43) 

which is a Weyl system. Let us denote z\ and z 2 as (g, 0) and (0,p) respectively, 
with q and p n-dimensional vectors (n — dim Si = dimS^). Correspondingly, 
we will denote U (zi) and V (z 2 ) as U (q) and V (p) respectively. 

Von Neumann's theorem |223) states then that there exists a unitary map: 

T:n^C 2 (M n ,dn) (5.44) 

such that: 

(TU(q)T- 1 ^(x) = il>(x + q) (5.45) 

and (cfr.Eqn.dO01)): 

(TV (p) T~V) (a:) = e i{x ' p) i> (a?) (5.46) 

This theorem proves that all the representations of the Weyl commutation rela- 
tions are unitarily equivalent to the Schrodinger representation, and hence are 
unitarily equivalent among themselves (but see below, Sect l7.3.T)l . 

Example 46 In the case of L 2 (R), setting h = 1 and using the Fourier trans- 
form: 

oo 

/I 
V> (p) exp {^px} (5-47) 
v 2n 



- OG 



one /mds easily that: 

(exp fwP) V) (p) = e" p ^ (p) (5.48) 

("i.e.: I -Pi/') (p) = Pi J (p)> an d: 

(exp U7rQj V>) (p) = ip (p~ tt) (5.49) 

M Qtp ) (p) = i<f0 (p) /dp). Denoting by: 

T : C 2 (R) -4 £ 2 (R) (5.50) 

i/ie unitary operator defined by the Fourier transform, we can conclude that: 

PQT=-P (5.51) 

PPT =Q (5.52) 
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5.3 Weyl Systems and Linear Transformations 

Let's begin by considering linear transformations that preserve the symplectic 
structure, i.e. linear maps: T : S — > S such that: 

u> (Tz, Tz) = u (z, z) Vz, z € S (5.53) 

In terms of matrices this means: 

TujT = uj (5.54) 

(where T stands for the transpose of the matrix T) , and this defines a realization 
of the symplectic group Sp (2n, K) associated with the symplectic structure uj. 
Then, we can define: 

W T : S -+ H (5.55) 

via: 

W T (z) =: W (Tz) (5.56) 

and, as: 

W(T(z + z')) = W(Tz)W(Tz')exp{-iuj(Tz,Tz')/2h} = 

= W(Tz)W(Tz')exp{-iuj(z,z')/2h} (5.57) 

we find: : 

W T (z + z') = W T (z) W t (z') exp {-iu (z, z') /2h} (5.58) 

i.e. Wt is also a Weyl system, and hence, by von Neumann's theorem, it is 
unitarily equivalent to W. 

As a simple example, consider, in R 2 , the map: 

(9,P)">(-P,9) (5-59) 

which is realized via the transformation 87 !: 



T 



-1 

1 



(5.60) 



Then it is clear that: 

U(q) = W ((q, 0)) -► W ((0, -p)) = V (-p) (5.61) 

and: 

V(p) = W ((0,p)) -> W ((<?, 0)) = C7 (g) (5.62) 

which is precisely (see the end of the previous Section) what the Fourier trans- 
form does. 



87 The matrix representing T is simply minus that of the complex structure. However, the 
two have different transformation properties (see Chapt.l). 
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As Wt is unitarily equivalent to W, to the map T there is associated an 
automorphism of the group U (H) of the unitary operators. As every automor- 
phism of hi {%) is inner, there is a unitary operator Ut such that: 

W T (z) = U T (w (zj) U T (5.63) 

More generally, we can consider a one-parameter group {Ta} AsR of linear 
symplectic transformations. Calling L the linear vector field that is the in- 
finitesimal generator of the group, the condition: 

u (T x z, T x z') = cj (z, z) Vz, z e S, VA e E (5.64) 

becomes: 

L r w = (5.65) 

with Ly the Lie derivative. There exists then (globally on a vector space) a 
function g such that: 

?'rcj = dg (5.66) 

and, for linear transformations, g will be a quadratic function of the coordinates. 
According to what has been said above, the family {T\} defines a (strongly 
continuous) one-parameter group {U\} X£]gL of unitary operators such that: 

W(z(\)) = U{W(z)U x (5.67) 

where: z (A) = T\ (z). By Stone's theorem, then: 

U x = expl-i\G/h\ (5.68) 

with G self-adjoint. The self-adjoint operator G is the quantum counterpart 
of the quadratic function g. In this way we have achieved a way to quantize 
all the quadratic functions: given G, we can define via Eq. (|5.66p the associated 
Hamiltonian vector field. This in turns defines a one-parameter group of (linear) 
symplectic transformations, and the corresponding Weyl system allows us to find 
the (self-adjoint) quantum operator to be associated with g. 

Let's consider now a general linear transformation T E GL(2n,M), not 
necessarily a symplectic one. We will denote for clarity as ujq a reference (com- 
parison) symplectic structure, written in a Darboux chart as: 



U! () = 



I 

-I 



(5.69) 



We define then a new symplectic structure lot via: 

uj t (z, z') =: cu (Tz, Tz') (5.70) 

That lot is a symplectic structure is obvious. It is represented by the matrix: 

lot = TujqT (5-71) 
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Now, if we define again: 

W T 0) =: W (Tz) (5.72) 

it is easy to prove that: 

W T (z + z') = W T (z) W t 0') exp {-itu T (z, z') /2h} (5.73) 

Therefore, Wt defines a Weyl system, but for (S,u>t) an not for (S, uid)- Mim- 
icking the analysis that has been done previously, we conclude that: 

W T (Xz) = expjiAG (z)} (5.74) 

and that: 

G(z),G (z')l = -ihuoT {z, z') (5.75) 

Now we are in a position to consider Weyl systems for a vector space with 
an arbitrary and translationally invariant symplectic structure u). By Darboux' 
theorem [TJ [3] , there exists always an invertible linear transformation T such 
that: 

w = TujqT (5.76) 

Then, the sequence of transformations: 

(S,u)$(S,w )%U(H) (5.77) 

defines a Weyl system W oT — Wt for (S,u>) such that: 

W T (z) =:W{Tz) (5.78) 

Remark 47 27ie matrix T in Eg. \5. 76\ ) is clearly ambiguous by left multipli- 
cation by any matrix T' such that T'uiqT = wo- However, as: 

wo (T Tz, T Tz) = luq (Tz, Tz') = uj (z, z) (5.79) 

the Weyl systems associated with T and T'T are unitarily equivalent. 

5.4 Some Examples 

As is well known [4] , a conspicuous example of a one-parameter group of sym- 
plectic transformations is provided by the time evolution of a Hamiltonian sys- 
tem. So, let's study some simple examples. 
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5.4.1 The free particle 



In this case, the one-parameter group is given by: (q,p) — » (q + tp/m,p) and is 
represented by the matrix: 



p(t) 



F(t) 



; F(t) 



1 t/m 

1 



F{t)F(t')=F(t + t') (5.80) 



Then: 



W t (q,p) = W(q(t),p(t))=CX P {(l/h)[q(t)P+p(t)Q~\} 



exp 



{(i/ft) 



qPt+pQt 



} 



(5.81) 



where: 

P t = P, Q t = Q + tP/m (5.82) 

There exists therefore a one-parameter family < i* 1 (t) [• of unitary operators 

I J ten 

such that: 

exp UpQt/h\ = F^ (t) exp UpQ/h\ F (t) (5.83) 

and: 

exp kqP t /h\ = F 1 (t) exp UqP/h\ F (t) (5.84) 

Setting then: 

F (t) = exp |-ifl"t/ ft } ( 5 - 85 ) 



using Eq. d5.82l) and expanding for small q,p and t, one finds the commutation 
relations: 

iH : 



P,H 



= 0, 



Q,H 



= —P 

m 



(5.86) 



Remark 48 Note that the previous equation does not specify what are the ba- 
sic commutation relations between Q and P. Stated otherwise, we are not yet 
specifying what should be the symplectic structure that appears on the r.h.s. of 
Eg. 15. 19)) . and this is very much in the spirit \229tf of Wigner's approach. In 
what follows, however, and as we are dealing with this and the following Exam- 
ples only to exhibit simple instances of Weyl systems, we shall assume that q 
and p are Darboux coordinates, and hence that the basic commutation relations 
are of the standard form of Eq. (572~4\ ). The only unknown quantity in Eg. \5. 86}) 
will be then the Hamiltonian H . 

As the generators of linear and homogeneous canonical transformations are 
quadratic functions, it is natural to look for a quantum operator H that is also 
a quadratic function: 



H = aP 2 + bQ 2 +c(PQ + QP 



(5.87) 



117 



Then the solution of the previous commutation relations is precisely: 



(5.88) 



where I is the identity operator and A and arbitrary (real) constant. Apart from 
this, the quantum operator associated with the time evolution is the standard 
quantum Hamiltonian. 



5.4.2 The Harmonic Oscillator 



The classical Hamiltonian is: 



1/ P i 2 2 



sin cot 



and the solution of the equations of motion is: 

, . s 

q(t) = q cos tot + p- 

IILLO 

p(t) = p cos Lot — qmco sin cot 
The matrix F (t) is then: 

F(t) = 

Proceeding just as in the previous case we find again: 
W t (q,p) = cxp {(i/h) [qP t + P Qt] } 



COSWt 21"^ 

-mLOs'mujt cos Lot 



with, now: 



and: 



Qt = Qcosut + P- 



~sin Lot 



(5.89) 



(5.90) 



(5.91) 



(5.92) 



(5.93) 



(5.94) 



Pt — P cos Lot — QuiLO sin Lot 
Defining again: F (t) = cxp < —iHt/H > and working out the commutation 
relations of H with Q and P , that read now: 

(5.95) 
(5.96) 







Q, 


H 


= ihp 

m 


just as before, and: 








P,H 


= 


—ihmoj 


one finds : 











P 2 1 ^ 

H = + -moj 2 Q 2 + XI 

2m 2 



(5.97) 



i.e., again "modulo" an additive multiple of the identity, the standard quantum 
Hamiltonian. 
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5.4.3 A Charged Particle in a Constant Magnetic Field 

The equations of motion for a particle of mass m and charge q in a constant 
magnetic field B are [71 H53pl (in units c = 1): 

f = v (5.98) 

m-^r =?vxB (5.99) 

The vector field is therefore: 

r = v ~ + lvxB~ (5.100) 

ax m ov 

The equations of motion can be derived cither from the Lagrangian: 

£=-mv 2 +gv-A (5.101) 

where A is the vector potential: V x A = B, or from the Hamiltonian: 

P 2 

U = £- (5.102) 

2m v ; 

with the symplectic form: 

ujb = --qe ijk B k dx l A dx 3 + dx 1 A dp t (5.103) 

where: 

p = ir-qA (5.104) 

7r is the canonical momentum: 

*=£ (5.105) 

and p = mv is the kinetic momentum. 

We will consider here a field: B = (0, 0, B). As the motion along x 3 is trivial 
and decouples, we will ignore it and concentrate on the dynamics in the fa; 1 , x 2 ) 
plane. Among the various gauges that one can employ the most popular are the 
Landau gauges: 

Ai =B(x 2 ,0,0); A 2 = B(0,-x 1 ,Q) (5.106) 

or the symmetric gauge: 

A s = f (x\-x\0) = l -B x r = ^1±^ (5.107) 



s For an analysis at the quantum level, sec 28, 62, 49 102, 126 
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Introducing collective coordinates: z — (z 1 , ..., z 4 ) with: (z 1 ,^ 2 ) = (x^x 2 ), 
(z 3 ,z 4 ) = (pi,P2) and setting q = m = 1, the symplectic form can be written 
as: 



ujb = -^^ijdz 1 A dz 1 



where fl is the matrix: 



n = 



-B 1 

S 1 

-10 

0-100 



Explicitly: 



cjb = —Bdx 1 A <ix 2 + dx 1 A dpi + dx 2 A dp2 



The inverse of O : 



A 



defines the Poisson tensor: 



-o- 1 



10 

1 

-1 B 

-1 -B 



(5.108) 



(5.109) 



(5.110) 



(5.111) 



or, explicitly: 



a 1.0 ^ 

A = -Aj,-— - A — -r 

2 J dz 1 dz 3 



(5.112) 



d d d d _ <9 9 

A = ^T A a h 7T^ A ^T + B TT~ A ^~ 

OX 1 Opi OX z Op z Opi Op2 



^T a 7Z- + ^ a ^ + b 7Z-Att- (5.113) 



A transformation that reduces ujb to the standard Darboux form, defined 
by the matrix: 

02x2 12x2 
— 12x2 02x2 



On = 



(5.114) 



is: z — >• z = Tz with: 



T 



10 

10 

-B 1 

1 



i.e., explicitly: 

Pi ->• Pi = Pi - Bx 2 

with all the other coordinates unchanged and: 

ujb {z, z) = uj d (Tz, Tz') = uj (z, z') 



(5.115) 



(5.116) 



(5.117) 



which implies, as can also be checked by direct calculation on the representative 
matrices: 
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TujqT = Q 
Notice that this amounts to the transformation: 

r — > r, p — > p — Ai 

One could have used instead, e.g., the transformation: 

r -> r, p -> p - A s 
that is defined by the matrix: 



T' = 



and here too: 



1 

10 

B/2 1 

-B/2 1 

f'uoT' = Q 



Notice that, defining: V =: T'T^ 1 , Eqns. (|5.118|) and (|5.122|) imply: 

VuJqV = bJQ 



(5.118) 
(5.119) 

(5.120) 

(5.121) 

(5.122) 
(5.123) 



i.e.: V £ Sp (K 6 ), and this too can be checked by direct calculation. 

Concentrating now on the transformation defined by Eq. (|5.115l) and follow- 
ing the procedure outlined in Sect. 4. 3, we define the Weyl system: 



W T (z) = W (Tz) = 

= expji x 1 P 1 + x 2 P 2 +piQ 1 +p 2 Q 2 J 



(5.124) 



i(T) 



)(T) 



or, explicitly: 

W T (z) = exp<iJ2 [xiP'r" - i>;Q)' 

y »=i,2 

where: 

Q ( P = Qi, * = i, 2, i 3 1 (T) = A, Pf } = h + bq 1 

Notice that: 



q7\q { P 



= 0; 



Q?\?P 



= i$i 



while: 



p(T) p(T) 



-iB 



Time evolution is given by: 



x l (t) 




x 1 


x*(t) 

Pl(t) 


= F(t) 




X 

Pi 


Pa(t) 




P2 



(5.125) 

(5.126) 
(5.127) 
(5.128) 

(5.129) 
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where: 



F(t) 



1 



sin(Bt) l-cos(Bt) 



1 



l-cos(Bt) sin(Bt) 

cos (Bt) sin (St) 
- sin (Bt) cos (Bt) 



is a linear symplectic map. Explicitly: 



, . N ! sin (Bt) 1 - cos (Bt) 

X 1 (t) = X 1 + pi ^+P2- 



B 



B 



a; (£) = a; 2 — pi 



1 - cos (Bt) sin (Bt) 



B 



Vi- 



B 



and: 



Pi (t) — Pi co s (Bt) + p 2 sin (Bt) 
Pi (t) = -P\ sin (Bt) + p 2 cos (Bt) 



(5.130) 



(5.131) 



(5.132) 



Following the procedure outlined in the previous examples, we define then 
the Weyl system: 



W® (z) = W (Tz (t)) = exp { i J2 [xi (t) PP + ft (*) Q 

i=l,2 



(T) 



or: 

W® (z) = exp i i ^ [a*ff> (*) +Pi Qf ) (*)] 1 

^^(T\ ^CT} 

where the P£ (tys and Q\ (t)'s are denned by: 

J2 [xi?P(t)+ Pi Q { p(t)] =: J2 [xi(t)PP+Pi(t)Q\ 



(5.133) 



(5.134) 



(5.135) 



and Eqns. (l5.131[) and (|5.132[) have to be used on the r.h.s. Here too we conclude 
that there exists a unitary operator F (t) = exp {—itH/h} such that: 



exp 
exp 



[i P Q ( P (t) /h) = i?t (t) exp [i P Q { P/h) F (t) 
[iqPP (t) /h) = Ft (t) exp [iqPP/h) P (t) ; 



(5.136) 



i = 1,2 



Expanding again for small g,p, t and using Eq. (|5.126p we find the commu- 
tation relations: 



Pi,n 



= o, 



P2,n 



= ihB[P 1 -BQ 2 



and: 



Q u n =ih{p 1 -BQ 2 ), Q 2 ,n =ihp : 



(5.137) 

(5.138) 
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and it is easy to conclude that the Hamiltonian operator is now: 

(5.139) 
which corresponds to the "minimal coupling" prescription: 



- = \ 



Pi-BQ 2 ) 2 + Pi 



P-»P-A (5.140) 

with: A = Ai. 

5.4.4 Magnetic Translation Groups and Weyl Systems 

We will exhibit in this final Subsection another example [184] of a Weyl system, 
which is provided by the implementation at the quantum level of the group 
of translations in a two-dimensional electron gas in a constant (perpendicular) 
magnetic field that has been studied in the previous Subsection. 

Reinstating the constants (c,m,q) in the proper places, the Hamiltonian is 
given by (cfr.Eq.dnHUH)): 

H= .L [7r -l A f (5.141) 

2m c 

Introducing complex coordinates: £ = x + iy, the equations of motion be- 
come: 

— {C + inC}=0; n = ^- (5.142) 

at mc 

and they have the solution: 

C(t) = X + Aexp{-iftt} (5.143) 

where: 



X = C - ^C = const. (5.144) 



The associated total energy is: 

E= & i ^\ m ^^\ mn2 ^ 2 (5 - 145) 

and the orbits are circles of radius |A| and center: 

X = x +iy ; Xo=a; + ^' yo = y ~^} (5.146) 

The Poisson brackets for the components of the kinetic momentum are: 

{Pi,Pj} = l&Aj - djAi) = - c e ijk B k (5.147) 
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i.e.: 

{p x ,Py} =mfi (5.148) 



and hence: 



The Cartan form: 



leads to: 



{xo,yo\ = —^ = -^ (5.149) 

mil qB 



9 c = ^-dq= { Pi + ^A t }dx t (5.150) 

ov c 



2c 



u>c ='■ —d0£ = dxi A dpi + —(diAj — djA^dxi A dxj (5.151) 



i.e.: 

lo c = d^ A dpi + —SijkBidXj A dxfc (5.152) 

The dynamical vector field is given by (cfr. Eq. (|5.100p '): 

r = — — - H e^kPjBk—- (5.153) 

771 CW ? - TOC Of, 



Nother's theorem |186j states that, if X c is a tangent lifil 89 !. and: 

L x <=£ =i r /i, ft = tt*G, i.e. : ft = h(r) (5.154) 

then the associated constant of the motion is: 

X = ixc9 c -h (5.155) 

For translations in the plane: 

XiSX t-l t (5 ' 156) 

Hence: 

L Xi L = JLpiArfpj = ^-{diAj - djAt) + IdjAi (5.157) 

i.e.: 

L^J^A + rxB), (5.158) 

c ar 

(h = -(A + rx B)), and the associated Nother's constants of the motion are: 

Xi = ix t 6£-hi = (p+-BxT)i (5.159) 

c 



89 We recall 186 that, if: X = X 1 d/dq z , X* = X 1 (q) is a vector field on some manifold M, 
its tangent lift X c is the vector field on TM defined by: X c = X i dldq i + Lrpf^d/cV, with 
r any second-order vector field. 
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Notice that the coordinates of the center of the Larmor orbit are: 

c oB c q 

xo = -s(p v + —x) = — (p + ^B x r)„ (5.160) 

qr> c qti c 

c qB n 

2/0 = --^(«Wz V) = - P + -B x t) x 

qB c c 

Hence: 

Xx = 2/o, Xy = — ^0 5.161) 

c c 

It follows then that the P.B.'s among the Nother's constants of the motion 

are: 

{Xi,Xj} = -- c e ijk B k (5.162) 

Following then the standard rules for the implementation of symmetries at 
the quantum level, we associate with a (finite) translation by a vector a in the 
plane the magnetic translation operator T (a) [76j 11841 12361 1237] defined by: 

f (a) = exp feo P • a j (5.163) 



where (p = 7r — qA/c): 



Xop-^--(Bxr-A); n = -V (5.164) 

c i 

with the commutation relations: 

[Xi,Xj] =ih-e ijk B k (5.165) 

Of course, \op commutes with the Hamiltonian, and so does T (a) . 
Using then the identities: 

exp{A + B} = exp{A}exp{B}exp(--[A,B] j (5.166) 

exp{A}exp{B} = exp {5} exp {A} exp ([A, B}) (5.167) 

valid whenever: [A, [A, B]) = [B,[A,B]] =0, and noting that: 

r i 8 A ■ 

TTi, (B x r - A) 3 =ihj-^ (5.168) 

one finds for the action of T (a) on wavefunctions: 

(f (a) ip\ (r) = cxp {-i-f* ' A } ^ + a ) (5.169) 

in the symmetric gauge, and, e.g.: 

(f (a) rty (r) = exp {-* ^-Bai (y - a 2 /2)} V (r + a) (5.170) 
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in the Landau gauge: A = B (0, x, 0). Then it is easy to prove that: 

f (a)f (b) = cxp<[-^B-ax blf (a + b) (5.171) 

2hc 



and: 

But: 
and hence: 



f (a) f (b) = f (b) f (a) exp i ^B • a x b \ (5.172) 

-B-ax b = w £ (a,b) (5.173) 
c 

f(a)f (b)=exp|i Wj c(a,b)|f (a + b) (5.174) 

The magnetic translation operators are therefore an instance [238 of a Weyl 
system on the configuration space. 
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6 Quantum Mechanics in Phase Space 

6.1 The Weyl and Wigner Maps 

We will work in S sw M. 2 for simplicity. Generalizations to higher dimensions are 
easy to work out. 

As a preliminary remark, let's observe that we have the identity (/ G 
£ 2 (K 2 )): 



d^drjdq' dp' 



(27rfr) 
This can also be rewritten as 



f (q',p')e- iuJ0 (( q '> p ')< ( -Z> r i'))/ h e i (tP+v<i)/n = f ( q> -p) ( 6 .1) 



d£dr/ 
2irh 



\MU 



e i(€p+ m )/h = j fa _ p j 



(6.2) 



where T s (/) is the symplectic Fourier transform 90 ! [771 1240] 



r.(mv,t) = 



dqdp 

2tt 



f{q,p)< 



-iuo((q,p),(£,v)) 



(6.3) 



and, as usual: u ((q,p) , (£, r))) = qr) - p£. 

Digression. 

Allowing also for distribution-valued transforms, we have, in particular: 



and: 



F s (q)(r,,Z)=2wiS'(ri)6(0 

The Weyl map [22 5) amounts to the replacement, in Eq. 

exp {i (£p + W ) /ft} -> cxp {i (f P + tjQJ /hj = W (£, v) 
whereby one obtains the map: 

il : T (M 2 ) -> Op (H) 
defined by: 



(6.4) 
(6.5) 

(6.6) 
(6.7) 



90 See Appendix C. The fact that we get a change in sign in the second variable is precisely 
a byproduct of the use of the symplectic Fourier transform. Had we used instead the ordinary 
Fourier transform we would have obtained of course / (q,p) instead of / (q, —p) on the r.h.s. 
of (E2J. 
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It is simple to show that, if / is real, then: 



■F.(/)fa,0=-M/)(-»?,-0 (6-9) 

and this proves that fl (/) is (at least) a symmetric [201] operator (more on this 
later on). Using then: 

(W {£,, rj) ip\ (x) = exp {i V [x + f/2] /ft} ip (x + (6.10) 

we obtain: 

(fi (/) V) (a:) = JJ^j 1 ?. (/) fo ex P fa (* + *£/2)] V- (s + fi0 (6.11) 
In particular, using (I6.4[) and (|6.5[) : 

(fi(g)^)(a;) = a^(x) J (fi (p) V) (») = *ft|£ (6.12) 

In other words: 

to(q)=Q (6.13) 

while (cfr. the discussion in the previous footnote): 

fi(p) = -P (6.14) 

More generally, for arbitrary integers n and to: 

^ («V") (V, = 2tt (-) m i"+™j(») (ry) ^ m ) (£) (6.15) 

which implies: 

(fi (g> m ) V) (*) = (i^J l(x + H/2) n i, (x + h^)] | e =o (6.16) 

which can be rearranged [240] in the form: 

(n( q y™)i,)(x) = -J2[ k )x k (iK-l-) [x n -H{x)\ (6.17) 

Hence: 

(q n p m ) = ^ (t) t" ^ ' t" (P)]"* ' t" ^"^ ( 6 - 18 ) 

In particular, for n = m = 1: 



n («p) = i (o ( ? ) • n (p) + n (p) ■ n (g)) (6.19) 

Notice that: 

ft (gp) = n (pq) (6.20) 
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but: 

n ( qP ) ? n (g) • n (?) (6.21) 

Also, as can be shown on examples, in general: 

n (fg) ^ \ (n (/) • n (<?) + n (, 9 ) • n (/)) (6.22) 

as can be seen already from Eq. (j6.18[) when m and/or n ^ 1, i.e. the "Weyl 
symmetrization procedure" (|6.22[) [225] holds only in very special cases. 

Using Eg. (16. lip we obtain, for the matrix elements of the Weyl operator 

Mfi (/) |V) = | ^^ ^ (/) fa, e^*/ 2 '^^ (x + K) (6.23) 

In particular, in a plane-wave basis (if) (x) = (l/v27rj expjifca;} etc.): 

(fc'|fi (/) | A) = J |U (/) (k' - k, exp {ih£ (k + fc') /2} (6.24) 

or: 

(K + fc/2|fi (/) I A" - fc/2) = / ^ J", (/) (fc, exp {th^K/2} (6.25) 

Inserting then the explicit form of the symplectic Fourier transform we find 
eventually: 

(K + k/2\n (/) \K - fc/2) = J ^f (Q, ~nK) exp {-ikq} (6.26) 

For example, / (q,p) — p yields: 

(K + k/2\fl (p) \K - fc/2) = -HK6 (fc) (6.27) 

which (cfr. Eq. (|6.14p ) is the correct result. 

The Weyl map can be inverted, i.e there exists a map, called the Wigner 
map: 

n- 1 :Op(H) -> J"(M 2 ) (6.28) 

such that: 

n- 1 (Q(f))=f (6.29) 



In general, given any operator O such that Tr OW (x, fc) 
Wigner map is defined as: 

' dxdk 



exista 91 l the 

IP 1 (6) (q,p) = : jj ^. e xp{-iuj ((x,k) ,(q,p)) /h}Tr [6w^ (x, k) 

(6.30) 



As W is a bounded operator, this will be granted, e.g., if A is trace-class. 
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In order to prove Eq. (|6.29[) , we need the trace: 



Tr[W (x, k) W^ (£, rj)\ = / dhdti (h W (x, k) 
Using Eq. (J5.35I) we obtain: 



ti)(ti 



W*(£,Ti)\h) (6.31) 



Tr 



W (x, k) W** (f, 77) = 2whS (x - S (k - rj) (6.32) 

Inserting then (|6.32[) into (|6.30[) and using this result, we obtain: 
d£di] 



n- x (Q (/))(<?,*>) 



2tt 



-^. foO«P {-*«(&»?), (9, p))} = /(«,p) (6.33) 



6.2 A Digression on: Phase-Point Operators 



Going back to Eq. (|6.8l) . which reads: 



n(/) = 



dS,drj 



W (£, 77) / / dqdpe-^-^/Kf {qip) {6M) 



(2irh) 2 

and, to the extent that it is legitimate to apply Fubini's theorem, we obtain: 

dgiip 



n(/) = 



2ttS, 



f(q,p)A(q,p) 



where the symplectic Fourier transform of W (£, rf), i.e.: 

'd£,di] 



A(q,p)=: 



2nh 



-i(sn-p6)/*w (£, rj) 



(6.35) 



(6.36) 



defines the so-called "phase-point operators" [351 [Ml Ei H23 [231 234. It is 
not hard to prove, using: W f (£,7?) = W(-^,-7?) and Eqns. (j537j) and (JQ21 
that: 



• The phase-point operators are of unit trace: 

TrA{q,p) = l 

• They are Hermitian: 



A^(q,p) = A(q,p) 



(6.37) 
(6.38) 



and: 



• They are trace-orthogonal, i.e.: 

Tr{A{q,p)A{q',p')) = 2wHS (q - q') 8 (p - p') (6.39) 
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• Moreover, a simple calculation shows that: 
f f dqdp 



J J 2irk 
with I the identity operator. 



A(q,p) = W (0,0) = I (6.40) 



All this proves that the phase-point operators are a complete (trace) or- 
thonormal set of Hermitian operators. In particular, substituting the Wigner 

function ft" 1 (6) for the function / in Eq. (|Q5l) and as: £1 (Yr 1 (6)) = O, 

we obtain at once the reconstruction: 

d = JJ^n-i(d)(q,p)A( q , P ) (6.4i) 

in terms of the Wigner function and the phase-point operators, as well as, using 
Ea. (l6~39l) : 

n- 1 (d)(q,p)=Tr[dA(q,p)) (6.42) 

An explicit representation of phase-point operators satisfying all of the above 
properties is: 

A (q,p) = j dq'\q + q' /2) exp (iq'p/H) (q - q'/2\ (6.43) 

with matrix elements: 

A(q,p) x'\ = 2S(x + x' - 2q) exp {ip (x - x') /h} (6.44) 

6.3 More on the Wigner Map 

It is useful to have an expression for the Wigner map directly in terms of the 
matrix elements of the operators. Working again for simplicity in R 2 and intro- 
ducing resolutions of the identity in terms of plane waves: { |m))l 92 l: 

ft-' (5) (q,p) = J dxd ^dm ^ { _ % {xp ^ /h} ^^ ^^ (a , n) ^ 

(6.45) 
or (it = hk): 

, , . , ,* dxdkdldm 



1 (5) (q, P ) = / ^ exp {-i (xp/h - kq)} (l\d\m) (m\W* (x, hk) \l 

(6.46) 
and using: 

(rn\W* (x, hk) | A = exp {-ix (m + l)/2}S(l-m- k) (6.47) 



1 {x\m) = — exp {imx}, and: / dm\m) (m\ = I. 



131 



one finds eventually: 

n~ l (oj{q,p) = f dke lqk (-p/h+k/2\d\-p/h-k/2^ (6.48) 

with obvious generalizations to higher dimensions. As an example, if: A = —P, 
then, as: P \m) = hm \m): 

/-p/h + k/2\(-P)\-p/h-k/2\ = (ph+k/2)(-p/H + k/2\-p/h-k/2) 

= p8(k) (6.49) 

and we find: 

n- 1 ((-P))(q,p)=p (6.50) 

as expected. 

Also, it is easy to prove that: 

n- 1 (W (q',, P ')) (q,p) = exp{iw ((q,p) , (q',p')) /H} (6.51) 

Introducing now resolutions of the identity relative to the coordinates: 

rr 1 (A) (q,p) = I dkdxdx'e iqk (-p/h+k/2\ x) (x \A\ x') (x' \-p/H-k/2\ 

(6.52) 
the integration over k yields a delta-function, and we obtain, eventually, the 
celebrated Wigner formula [125, 228 , or Wigner transform : 



1 (d)(q,p)= I ' di^l h {q + ^2\d\q-i/2) (6.53) 



Here too, setting: A — Q, we find at once: $7 _1 (Qj (q,p) — q, as expected. As 

another example, consider, e.g.: A= \<j)}{ip\ (which is a prototype of a finite-rank 
operator). Then it is immediate to see that: 

oo 

O- 1 (|0)(V|)(<z,p)= J d^l h 4>(q + i/2)^(q-^/2) (6.54) 

— OO 

Remark 49 From Eg. {6. 54\ ) we obtain: 

oo 

IfT 1 (|0)(^|) (q,p)\ < 2 f dn \<j> (q + 77)| \if> {q-rj)\ (6.55) 

— OO 

and, using Schwartz's inequality: 

\n- i m^\)(q, P )\<2u\\\m (6.56) 
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In particular, if\ip) — 
P<f, = \<t>)(<t>\: 



— 1, i.e. for a one-dimensional projector: 



\n- 1 (p 4 ,)(q, P )\<2 



(6.57) 



As every density matrix can be written as a convex linear combination of one- 
dimensional projectors, we obtain eventually the uniform bouncP 3 ] 



in- 1 (p) (?, p) I <2 



(6.58) 



if p is a density matrix. 

Proceeding in a somewhat heuristic manner, let now O be a self-adjoint 
operator with a completely discrete spectrum: 0\4> n ) — A„|</>„), {<j) n \4>m) = 5 nm 
and: J2 n \4>n){4>n\ = I- Then: 



n- 1 (5) (q,p) = E A « / d ^ Pi,h( t>n (q + t/2) K (q + £/2) 



and hence, proceeding as before: 

Q- 1 (8)(q,p) <2j2\*n\=2Tr 



O 



(6.59) 



(6.60) 



where \201f : O =: vO^O. Trace-class overatora 94 \ are defined f201f by 



requir- 



ing finiteness of Tr 



O 



Therefore: 



The Wigner function of any trace-class operator O will be uniformly bounded 



bylTr 



O 



It is easy to check that the Wigner transform inverts to: 

x\6\x')= r^Lexp{-ip(x-x')/h}n- l (d) (^,P 



(6.61) 



As an example, let's consider the Wigner transform of O — \<j>){ip\ as given 
by Eq. ([6.541) . Then it is immediate to check that, indeed: 



dp {-i P (x-x')/h} 



2irh 



Q 



-(8) 



x + x 1 



p ) =(t>{x)i>(x') = (x\<t>)(i>\x') (6.62) 



Example 50 As a less simple example as compared to the previous ones, let 
us consider a ID harmonic oscillator of mass m and proper frequency oj. The 
corresponding Hamiltonian is: 



X=L + l m ^ 2 



(6.63) 



93 Note that we are using here a slightly different normalization than that used in Ref. |68| . 
94 A class of operators comprising, in particular, finite-rank projection operators as well as 
density states. 
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with eigenvalues: E n = (n + 1/2) fiw , n > and eigen) 'unctions: 



, ;, I .r ) = tl™-fL= exp (-C 2 /2) #n (C) 



(6.64) 



where ( is the dimensionless variable: £ = xy/moj/h and the H n 's are the 
Hermite polynomials J69\/ . We want to evaluate here the Wigner function (the 

Wigner map) associated with the "Boltzmann factor" A — exp I —j3H ) , with (3 

the inverse temperature . Of course: 



-8H 



n—0 

Inserting the explicit form \6. 61$ of the eigenf unctions: 



(6.65) 



-m 



W E 4^f- {e+n/2H - (0 H n (C) , , = exp (-« 

(6.66) 



n=0 



Now, it turns out tha^ JT?\ XTZEj : 



n=0 k 



l-« a 



1*1 <i 



(6.67) 



and therefore the matrix element \6.65\) can be expressed in closed form as: 



Setting then: x = q + £/2, x' = q — £/2 and inserting the result into Ea. &6.53\) 
one finds eventually the Wigner function: 



fi 



1 (e-^) (q,p) 



cosh (phw/2) 



exp < — tanh (f3Hu}/2) 



-,2 i 



H mhw 



(6.69) 



Coming back now to the main object of this Section, an interesting conse- 
quence of Eq. (|6.48|) is the following. Let's calculate the C? norm of J7 _1 (A) (q,p), 



i.e.: 



n- 1 a 



dqdp 
2-nh 



Q-UA)(q,p) 



(6.70) 



Explicitly: 



n 



dqdp 
2nh' 



(6.71) 
dkdk'e l ( k '- k ) q (p/h - k/2\A^\p/h + k/2) (p/h + k'/2\A\p/h - k'/2 



5 This is known also as Mehler's formula. 
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Performing the integration over q , which produces a delta-function, and shifting 
variables: p — > p + hk/2: 



d{p/h)dk (p/hlA^p/h+k) (p/h+k\A\p/h) (6.72) 



fi^U 



The integration over k yields a resolution of the identity, and we end up with: 

2 



ir 1 (A 



i.e., eventually: 



and, if: A = Q(f): 



n- 1 A 



d (p/h) (p/h\A*A\p/h 



= Tr- 



\f\\ 2 = Tr{n(tfn(f)} 



(6.73) 



(6.74) 



(6.75) 



The condition of finiteness (positivity is obvious) of Tr {A^A\ characterizes A 
as a Hilbert- Schmidt |201j operator. Therefore [198] : 

Theorem 51 / will be square-integrable (f G C 2 (M 2 ) ) if and only if D, (/) is 
Hilbert-Schmidt. Quite similarly: SI -1 1^4] will be square-integrable if and only 
if A is Hilbert-Schmidt. 

The Weyl and Wigner maps establish therefore a bijection [77l [93] between 
Hilbert-Schmidt operators and square-integrable functions on phase space. This 
is consistent with the fact that both spaces are Hilbert spaces. Moreover, 
Eqs. (|6.74[) and (|6.75j) prove that the bijection, being an isometry, is also (strongly) 
bicontinuous. 

The fact that: T s (r), £) = T s (-r), -£) as well as that: W 1 (£, rj) = W (-£, -ry) 
allows also to prove at once that the Weyl and Wigner maps "preserve conju- 
gation", i.e. that: 

n (7) = n (fy (6.76) 



as well as: 



st 1 I on = n- l (d 



(6.77) 



Therefore, in particular, if / is real, then, as already mentioned, fl (/) will be a 
symmetric operator. 



As a final remark, we observe that Eq. (J6.61I) implies also: 

Tr x (o) =: fdx(x\0\x) = I ^-^ (o) («,p) 



(6.78) 
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(with the same result for the similarly defined Tr p \A\) as well as, of course: 

^|/( g ,p)=Tr(fi(/)) (6.79) 

and this defines formally a "trace" operation on phase space: 

Tr(/)=: /H /(<? ' p) (6 - 8o) 

Of course, all these results will make sense when all the quantities in the previous 
equations are finite. For example, if: A = P^ = \tp)(ip\ , (ip\ip) = 1 is a one- 
dimensional projector, then: 

rr 1 (p^) (q, P ) = J d£jrt/n {q + i/2W (v , k _ e/2) (6 81) 

and: 



il- 1 (P^) (q,p) = / alq (q\il>) (i/>\q) = U\\ 2 = 1 (6.82) 



dqdp t 
2nh' 

As a less trivial example, in the case of the harmonic oscillator we find with 
some long but elementary algebra using Eq. (|6.69p : 

Tr {(T 1 U-&) X = f %& n -i L-eS) = - . - * j- (6.83) 

which is the expected result [183] for the canonical partition function of a ID 
harmonic oscillator. 

Remark 52 The mere existence of the phase-space trace of VI" 1 I O ) , i.e. finite- 

ness of J (dqdp/2nh) il" 1 (Oj (q,p) does not however guarantee that A be trace- 
class, as this requires, as already recalled J201f , the more stringent condition that 



Tr 



O 



< oo, 



O 



=: VOW (6.84) 



and 



O 



is not connected to the Wigner function Q * (Oj in any simple manner. 



6.4 The Moyal Product 

Working again for simplicitM 96 ! in 5 ~ R 2 , the Wigner map allows for the defi- 
nition of a new algebra structure on the space of functions T (K 2 ), the Moyal 
" * "-product [HHHm [223], that is defined as: 

/*.g=:r!- 1 p(/).^( 5 )) (6.85) 



'We stress once again that extensions to higher dimensions are essentially straightforward. 
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(as, generically: O (/) • fl (g) ^ il (g) ■ f2 (/), it is clear that, again generically: 

f*g¥=9*f)- 

This product is associativa 97 ] (as the algebra of operators is), it is distributive 
w.r.t. the sum 98 ! (as (.) is linear), but it is non-local and non-commutative. 
Indeed: 



(/ * g) («, p)=ll-^n exp {_lWo ((x ' fc) ' (<z ' p)) /?l} Tr r (/) ' Q ig) wf (x ' fc) 

(6.86) 
and: 



Tr 



n (/) • n ( 5 ) wt (i, fc) 



j mvW Ts (/) (j?) e) ^ (ff) (V; r) Tr ^ ( ^ ) ft7?) w {m > : W) w1 {x ^ k) 



Now: 



Tr 



W (a, 0)W (a,r)W^ (x,k) 



= 2nS (a + a - x) 5 {j3 + r - k) exp {-i [j3 (a + a) + k (a - x)] /2h} 
Hence: 



(6.87) 
(6.88) 



Tr 



h(f)-h(g)WHx,k) 



^If ^ (/) fa, F. (g) (77', O e -i^-k&/2 S ^ + e _ x/h) S ( v + r] >- k/h) 

(6.89) 

and, using the deltas to get rid of the £', rf integrations and the explicit form of 
the symplectic Fourier transforms: 



Tr 



n(f)-h( 9 )wHx,k) 



dadbdsdt 



^/ (a, b) g (s, t) e -^k-tx)/h S (fc _ 2 (t - &)) $ (jc - 2 (a - a)) 



Inserting this result into Eq. (|6.86[) we eventually obtain: 



(6.90) 



i / !l ' ! '1- /<> = ! / d ° 2 ^)f / («» & ) » ( s > *) ex P {- 1 Ka -?)(*- P) + (* - ?) (P - &)] 



(6.91) 



or: 



(f*g){q,p) = 4 / - -2 /(o,6)g(a,t)exp{2wo((g-o,p-&)i(g-a,p-*))A} 



(27r/YT 



and this exhibits explicitly the non-locality of the Moyal product. 
It can be shown"! that: 



(6.92) 



97 7 *{g*h) = {f *g)*h 
98 f*(9 + h) = f*g + f*h 
"See,e.g., Ref.[240] for details. 
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The Moyal product can be recast in the form 

00 fih 



n,m— 



ih\ n+m (-1)" r 8 m+n f (a, b) d m+n g (a, b) 



n\m\ da m db n da n db m 



and that: 

Eq. (|6.93j) can be rewritten in compact form as: 



(/ * 9) (q,P) = / (q,p) CX P < y 



9 9 9 d 
dq dp dp dq 



|a— q,&— p 



(6.93) 



■g(q,p) (6.94) 



Other equivalent forms of the Moyal product are: 



or: 



(/*5)(g,p) = /fep)ff(?-y^,P + y^ 



(6.95) 



(6.96) 



Remark 53 >1// the above expressions for the Moyal product apply of course to 
functions that are regular enough for the right-hand side of the defining equa- 
tions to make sense. In particular, they will hold when f,g are "Schwartzian" 
functions J%03] in S (R 2 ) , i.e. they are of class C°° and of fast decrease at 
infinity. 



The form (|6.93[l exhibits explicitly the Moyal product as a series expansion 
in powers of h. To lowest order: 



/*.9 = /.9 + f {f,g} + 0(h*) 



(6.97) 



where {., .} is the Poisson bracket. The Planck constant H acts then as a "de- 
formation parameter" of the usual associative product structure on the algebra 
of functions, making the product non-commutative. Indeed, it can be seen, e.g., 
from the expansion of the exponential in Eg. (16.941) . that terms proportional 
to even powers of H are symmetric under the interchange / g, but terms 
proportional to odd powers are anti symmetric, and this makes the product 
non-commutative. 



Example 54 
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• / = 1 or g — 1. Then: 

(1* 5 ) (q, p) = g (q, p) , (/ * 1) {q, p) = f (q, p) (6.98) 

• / = q. Then, at least if g £ S°° (M 2 ) : 

(q*g)(q,p)=^J^i^ag( Sl t)e X p{ 2 i[(a~ q )(t-p) + ( S - q )(p-b)}} 

= ±j^lfg( S ,t)( q +f§- t )exp{f[(a- q )(t-p) + ( S - q )(p-b)]} 

(6.99) 
and, integrating by parts in the second integral and using the previous 
result: 

(q * 9) (q,p) = (q + y ^A 9 («,p) (6.100) 

Then, in view of the symmetry properties of the various terms in the ex- 
pansion of the Moyal product in powers of h: 

(g*q)(q,p)= (q-^Y) 9 ^ p " > (6.101) 

• In the same way, if f = p: 

( P *g)(q,p)=(p-j-^)g(q,p) (6.102) 

etc. 

• If f = q, g — p (or viceversa), then, using, e.g., Eq. k6.95\) : 

ill ih 

(q*p)(q,p) =qp+ —; (p * q) (q,p) = qp - — (6.103) 

Notice that Ea. i6.100\) implies: 

h(q).h(g)=n(qg) + ^n(^) (6.104) 

and similarly for the others. 

The generalization of these results, as well as of those of the following Sub- 
sections, to higher dimensions, i.e. to: S = M. 2n with n > 1, are straightforward, 
so we will omit details here. 
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6.5 The Moyal Bracket (s), "Moyal" Quantum Mechanics 
and the Quantum-Classical Transition 

6.5.1 The Moyal Bracket 

Using the Moyal product we can define the Moyal Bracket {., .} M as: 

{., .} M : T (M 2 ) x T (M 2 ) -> T (M 2 ) ; {/, g} M =: I (/ * g - g * /) (6.105) 

Hence, in particular: 

{f,g} M = {f,g} + 0(h 2 ) (6.106) 

where {., .} is the standard Poisson brackct i 100 ! . 

Being defined in terms of an associative product, the Moyal bracket fulfills 
all the properties of a Poisson bracket (linearity, anti-symmetry and the Jacobi 
identity), and defines a new Poisson structure on the (non-commutative) algebra 
of functions with the Moyal product. In particular, just as for the ordinary 
Poisson brackets, the Jacobi identity implies: 

{/, 9 * h} M = {/, g} M *h + g*{f, h} M (6.107) 

i.e. that {/, .} is a derivation (with respect to the *-product) on the algebra 
of functions. Writing down explicitly the second term in (|6.106|) : {/, g} M = 
{/, 9} + ft 2 {/, g} 2 + •••> we obtain: 

If \( )- X fd 3 /d 3 g o d "f d3 9 o d "f d3 9 d 3 fd 3 g\ 

U, 9) 2 W.PJ 24 | dq3 Q p 3 Q p Q q 2 Q qdp 2 + dp 2Q q Q q Q q 2 Q p 3 dq 3 j 

(6.108) 
Therefore, {/, g} M contains, besides first-order derivatives, third and higher- 
order derivatives, and, although it is a derivation on the algebra of functions 
with the " * " product, it is not a vector field (while {/, .} is a vector field). 
The reason for that is precisely that the Moyal bracket is non-local, and hence 
Willmore's theorem [231] connecting (inner) derivations with vector fields does 
not apply. It is only when / is at most a quadratic polynomial that {/, .} M 
becomes a derivation on the usual pointwise product. Indeed, if this is the case, 
the Moyal and Poisson brackets of / with other functions coincide. As a check, 
we see that, in simple cases, we obtain: 



dg r , dg 

W {P > g}M = ~dq- 



{q,p} M = 1 > {li9} M =-SZi {P'9} M = -— (6.109) 



Using the definitions of the Weyl and Wigner maps we have, in general: 

{/, 9 } M = in- 1 (o (/) • n ( g ) - n (<?) • n (/)) /n (6.110) 



100 The difference between the Moyal and Poisson brackets is 0(h 2 ), and not O (h) as one 
could expect, and that because the difference / * g — g * / contains only odd powers of h. 
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i.e.: 



n(/),fi(flf) =-ihfl({f,g} M ) 
In particular, using (|6.109|l (and: J1 (1) = ij 1 ^ 1 



fi(g),n(p) 



= -iM, 



ft (g) , fi CH) = -ifin (dH/dp) 



Q(p),n(M) =im(dH/dq) 



(6.111) 

(6.112) 
(6.113) 



Unless / and/or 5 are at most quadratic, {/, g} M 7^ {/, 5}. Therefore, the 
commutator of the quantum operators associated with observables on phases 
space is not ("modulo" a multiplicative constant) the quantum operator asso- 
ciated with the Poisson bracket [55]. Generically, it becomes so only to lowest 
order in h, and reproduces the Ehrcnfcst theorem [69 . 

6.5.2 Quantum Mechanics in Phase Space 

First of all, it is of some interest, in view of the relevant role they play in 
Quantum Mechanics, to see here which phase-space functions correspond to 
projection operators on the Hilbert space. The latter, that we will denote as V, 
are completely characterized by: 



V = V ., idempotency 



(6.114) 



V* =7 > , self — adjointness 



(6.115) 



As to (I6.115p . this requires the associated Wigner function fl l IP J to be 
real. As to (|6.114[) . this implies, in terms of the Moyal product (cfr. Eq. (|6.85p V. 



o- 1 (v z )=n- 1 lv )=n- 1 (v )*n 



-(*>) 



Moreover: 



Tr O-MP = Tr{P) 



(6.116) 



(6.117) 



and: Tr (fl 1 [P ) ) will be finite iff P is a finite-rank projection operator. 

Therefore: 

Projection operators are represented in phase space by real, uniformly-bounded 
(cfr. Eq. A6.58]) ) functions satisfying: 

1*1 = 1 



(6.118) 



101 The minus sign in the first commutator stems from the fact that Q (p) = —P, i.e. ulti- 
mately from the fact that we are using the symplectic and not the ordinary Fourier transform. 
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and: 

Tr(f)< +00 (6.119) 

iff the associated projector is of finite rank. Density states will be represented in 
turn by real, again uniformly-bounded, phase-space functions f (q,p) satisfying: 
Tr (f) = 1 and: 

Tr(/*/)<l (6.120) 

As discussed in ChaptHJ Quantum Mechanics can (and should) be consis- 
tently described in the framework of the projective Hilbert space PH. Once this 
is identified (via the Hermitian structure, see the discussion in Chapt|4|) with 
the space of rank-one projectors, it is natural to pose eigenvalue problems not 
for vectors in the Hilbert space but for the associate rank-one projectors, i.e. in 
the form: 

OP = XP; P f =P, P 2 = P, Tr? = 1 (6.121) 



with O an observable and AeM the corresponding eigenvalue ! 102 ! . Put in this 
form, the eigenvalue problem can be easily formulated on phase space. Indeed, 
denoting by simplicity as /g = Q^ 1 10) the Wigner function associated with 

0, the equivalent phase-space formulation will be: 

fo*f = A /5 / * / = /. / e L 2 (T*Q) (6.122) 

for a real (and uniformly-bounded) function /. This will qualify / as the Wigner 
function associated with a projection operator: / = O -1 (P) , with: Trf = 1 if 
it corresponds to a pure state. 

A superposition rule capturing also interference phenomena can be formu- 
lated in terms of Wigner functions [1441 11451 11461 11471 1148) following the lines 
of the discussion of Sect 14.11 If we denote as /o the Wigner function associated 
with a reference (pure) state (see Sect 14. II for more details) and as /i,/2 those 
associated with two orthogonal (i.e.: f\ * f 2 = 0) pure states, then to the linear 
superposition with coefficients c\ and C2, |ci| + |ca| = 1, there corresponds 
the Wigner function associated with Eq. (|4.15j) . namely: 



f = Y etc* - £±M=k (6.123) 

where the phase-space trace has been defined in Eq. (|6.80l) . 

Coming now to quantum evolution, an observable (a self-adjoint operator) 
O will evolve in time as: 

O (t) = {7 f (t) • O ■ U (t) (6.124) 



102 To avoid unnecessary technical complications, we pose here the problem in the discrete 
spectrum. Also, the last condition in Eg. 1 16. 1211 1 can be relaxed in favor of P becoming then a 
not necessarily one-dimensional eigenprojector onto the subspace spanned by the eigenvalue 
A. 
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where the evolution operator is given by: 

U (t) = exp (-itH/h) (6.125) 

H being the Hamiltonian operator. Denoting again the Wigner function asso- 
ciated with O as /g, and from the very definition of the Moyal product: 

fo{t) ~ fuf(t)-d-u(t) = /t/t(t) * fo * fu(t) (6.126) 

Using the (formal) series expansion of the evolution operator (|6.125[) we can 
also write explicitly the evolution operator in phase space ff}i t \ as [12] : 

f m = exp, {-itf n /h) =: £ ^^ (faT. (6-127) 

n=0 

where (.)" stands for an n-fold star-product. 

Now, to lowest order in t: ffj/ t \ ~ 1 — (it/h) fs etc., and we obtain easily: 

d_ 
or, more generally: 



J t fo W = {fo,yfH} M (6-128) 



d 

It" 



f(t) = {f(t)J S } M ; /(0) = / (6.129) 



with / any suitable function (e.g., a square-integrable function) on phase space, 
leading to: 

/ (t) = exp, (itfg/H) * f * exp, (-itf S /h) (6.130) 

and this is the phase-space description of quantum dynamics. As the classical 
(h -> 0) limit of the Moyal bracket is the Poisson bracket, Eqs. (l6.128[) and/or 
(|6.129[) reduce, in the classical limit, to the description of the dynamics in terms 
of Poisson brackets. 

6.6 "Alternative" Quantum Mechanics and Their Classi- 
cal Counterparts 

We can begin by recalling a theorem due to Dirac (see [5Q and [S5] for a more 
general discussion) which s tate s that, given an associative, non-Abelian and 



maximally non-commu tativg I algebra A with identity over K or C, and defin- 



ing a "Poisson bracket" ! 104 ! on A as a map: 

{.,.}: Ax A— -^A (6.131) 



103 That is, such that |89l the derived algebra: A' = Span{[a, b]}; a, b £ A., together with the 
identity, spans the whole of A. 

104 Having in mind the algebra of operators on a Hilbert space, Dirac 1561 calls it a "Quantum 
Poisson bracket" . 
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that is bilinear, antisymmetric, satisfies the Jacobi identity: 

{a, {b, c}} + {b, {c, a}} + {c, {a, b}} = Va, 6, c G .4 (6.132) 

and acts as a derivation on the product on the algebra, i.e.: 

{a, be} — {a, 6} c + b{a,c} Va, o,ce_4 (6.133) 



the n 105 ! the Poisson bracket {a, &} is necessarily proportional to the "standard" 
commutator ab — ba. 

This theorem was actually one of the main motivations why, in Chapt|T] we 
discussed alternative approaches to Quantum Mechanics involving modifications 
of the Hermitian product or, equivalently, of the associative product between 
operators. 

Sticking to this last approach, we consider now a "deformed" associative 
product between operators defined as: 

A ■ B-.AKB (6.134) 

(K) 

where A, B are linear operators and if is a fixed, positive operator which is 
also a constant of the motion. This leads to the definition of the "deformed" 
commutator: 



A,B 



_ =: A ■ B-B ■ A (6.135) 

(K) (R) (K) 



which satisfies again the Jacobi identit} 



KKi 



Given then two phase-space functions / and g, Eq. (l6.134p leads to the "de- 
formed" Moyal product: 

/ * 9 — f * k * g (6.136) 

(k) 

where: 

k =: Q- 1 (k) (6.137) 



is the Wigner function associated with the operator K, and to the "deformed" 
Moyal bracket: 



— (/ * g - g * /)= — > 
in (fe) (fe) in 



{f>9} M ,k = : — (/ ,* 9 - 9 ,* /) = —(f *k*g-g*k*f) (6.138) 



and, of course: 

{f,g} M>l = {f,g} M (6.139) 

Rem ark 55 Requiring the operator K to be strictly positive is a necessary con- 
ditio n 107 \ for the definition of a sensible "deformed" Hermitian product on the 



105 See, e.g., Ref.[240] for details of the proof. 
106 See Sect ll.2.2lfor fur ther details. 
107 See again Scct [LT2l 
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Hilbert space. If this is the case, then K is invertible and the new (asso- 
ciative) algebra structure defined by Eq. \6.136\) will have an identity e, given 
now by the "^-inverse" of k: e = fc* -1 , where: fc* -1 =: fl^ 1 iK^ 1 ) (i.e.: 

k * fc* -1 = fc* -1 * k = 1). This is of course the counterpart of the fact that the 
inverse of K, K , plays the role of the identity for the deformed associative 
product \6.131$ on the algebra of operators. 

Again with reference to the discussion in Sect ll.2.2l and in particular to 
Eq. (|1.71|) . we see that now the dynamics will be described, in phase space, by 
the equation: 

|/ = {/./irW ( 6 - 14 °) 

in such a way that (cfr. Eq. (|6.129[) ): 

{/>/£' W = {/'/s)m ( 6 - 141 ) 

where the new Hamiltonian function will be given by: 

f n , = rr 1 (h ■ k- 1 ) = n- 1 (R- 1 ■ h) = f s * f k _, (6.142) 



Moreover (cfr. Eq. (|1.74[> ). time evolution will act again as a derivation on the 
deformed algebra of functions, i.e.: 

-r\f*g)=4-*9+f*-7-, V/, a (6.143) 

dt V (fc) / dt (k) y J (k) dt J y v ; 



Turning now to the classical limit and using Eq. (|6.97p , a simple computation 
shows that, for h — > 0, Eq. (|6.136[) becomes: 





ih 

f * g ~fkg+ — {f,g} k 

(k) Z 


with a "deformed" 


bracket is given now by: 




{ /, 5 }^lim { /, 3} 


and, explicitly: 





O (h 2 ) (6.144) 



M.k 



(6.145) 



{/, 9} k = k {/, g} + f {fc, g} - g {fc, /} (6.146) 

(once again: {/ . g}, = {/, g}). Being defined in terms of an associative product, 
this new brackel l 108 r satisfies the Jacobi identity, but, at variance with the Poisson 
bracket and as it is clear from Eq. (|6.146[) , {/, .} k fails to be (for fixed /) a 
derivation on the algebra of functions (it is not even zero on constant functions) . 



^Also called 129 a Jacobi bracket. 
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6.6.1 Alternative Moyal-like brackets 

In Section we go back to the GNS construction for the finite-dimensional C*- 
algebra B(C") we have discussed in 14.31 Recall that different states over B(C l ) 
give rise to different representations and hence to different realizations of the 
corresponding Hilbert space. We have already noticed that any such state is rep- 
resented by a positive nxn matrix K which can be used to define an alternative 
scalar product on C™ of the form 






z- K w:= ) ZjKjkWk (6.147) 



for any z, w € C™. In turn, we can define a different multiplication rule in £>(C") 
by means of: 

A - K B = AKB (6.148) 

for any A,B E B(C n ). This product is associative, so that (£>(C™), -a') is a C*- 
algebra. Accordingly, we can define alternative Lie algebra and Jordan algebra 
structures via: 

[A,B] K :=~{A- K B-B- K A) (6.149) 

Ao K B:=^(A- K B + B- K A) (6.150) 

Let us consider now a quantum system whose dynamics is specified by a Hamil- 
tonian H, yielding the standard Heisenberg equation: 

ihA=[A,H] (6.151) 

Suppose that [H, K] — H ■ K — KH — 0. By setting Hk = K^ 1 ■ H, one can 
easily verify that, for any for any A £ B(C n ): 

[A, H]=A - K H K -H K -A= [A, H K ] K (6.152) 

Hence we have an alternative Hesienberg-like description which makes use of 
the alternative product (|6.148[) : 

ihA=[A,H K ] K (6.153) 

These alternative structures are therefore analogue to those we have examined 
in classical dynamics when we have studied bi-Hamiltonian systems. 

We can analyze these structures also in terms of the Wigner-Weyl formalism 
introduced in the previous paragraphs. We already know (see Sect. I4.2.4|) that 
on the space of Kahler functions on the projective space, F C {P'H) 1 we can define 
a star-product, that of formula (|4.98[) . such that: 

Ia*Ib = 1ab (6.154) 
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We can then define an antisymmetric star-bracket according to: 

{f,9}*'-=^:(f*9-9*f) (6-155) 

for any f,g£ J rC (PH), which yields the standard Poisson bracket in the classical 
limit. Now, it is known J206J that any associative local product in F C (PH) is 
of the form: 

f-k9~f-k-g (6.156) 

for some k £ F C {PT-L), k > 0. With this product, we can now define an 
alternative •^-product and *k Lie and Jordan brackets: 

fA*k !b = fA*k*f B (6.157) 

{fA,fB}*k = 7^(f*k9-9*kf) (6.158) 

2,1 

fA°k Ib = ^(f*k9 + g*kf) (6.159) 

We are back here to the construction of "deformed" Moyal brackets we have 
discussed in the previous paragraph. We have already seen that, in the classical 
limit, we get: 

lim UjaJbU = {/, 9} + f{k, g} - g{k, /} := {/, g} k (6.160) 

obtaining the standard Poisson bracket only if k = 1. In a similar way, we see 
that: 

]im.fokg = f-k-:=f-k9 (6.161) 

This shows that the alternative quantization schemes we have introduced in the 
previous paragraph depend on the associative products *k one can define on the 
originally commutative algebra k £ J rC (P'H). 

6.6.2 "Conformal" Poisson Tensors Associated with Deformed Moyal 
Products 



From now on we will consider the case S = M. 2n for generic n > 1, the main 
reason being that most of what will be said becomes trivial for n = 1. 

As discussed in previous Sections, assigning a Poisson bracket is equivalent 
to assigning a bi-vector field, i.e. a totally antisymmetric tensor of type (2, 0), 
the Poisson tensor, given, in local collective coordinates, as: 

A= l Aij w A w ] Aij+Aji=0 (fU62) 

and such that: 

{f,g} = A(df,dg) (6.163) 



147 



In general, on can define, on multivectors, a bracket, the Schouten bracket 
194, 209 , that associates to every pair X, Y of multivectors of ranks n and 
m respectively a multivector [X, Y] s of rank n + m — 1. Limiting ourselves to 
bi- vectors, if X and Y are monomials: 

X = X i/\X2, Y = T h Ar l2 (6.164) 

(with the x's and ry's vector fields), then: 

I X ' y ]s = [Xi;»7i] A X2A?7 2 -[xi,?/2]Ax2Ary 1 -[x2,?7i]AxiA7]2 + [x2,'72]AxiA?7i 

(6.165) 
It follows that, if /, g are functions: 

[fX,gY] s = fg[X,Y] s + (6.166) 

+ / ( L X29) Xi A m A T] 2 - f (L Xl g) X2 A rji A ry 2 + 

+ .9 (■£»» /) Xi A %2 A ryi - g (L Vl /) xi A % 2 A 7j 2 

and then the Schouten bracket can be extended by linearity to arbitrary bi- 
vectors. 

The Jacobi identity can be expressed in terms of the Poisson tensor as: 

[A,A] s = (6.167) 

and this is equivalent, whenever the Poisson tensor is not degenerate and allows 
then for the definition of a symplectic two-form u>, to the closure of the latter. 

Remark 56 As, in dimension two, there are no non-vanishing tri- vector fields 
(and all two-forms are closed), it is clear why what we are saying here becomes 
essentially void in dimension two. There, every pair of bi-vector fields has a 
vanishing Schouten bracket. 

The "deformed" bracket (I6.146[) can be rewritten as: 

{/, g} k - A' (df, dg) + fL Xk g - gL x J (6.168) 

where: X^ =: {fc, .} is the Hamiltonian vector field associated with the function 
k, and: 

A' = fcA (6.169) 

is what is called [121 113] a conformal Poisson tensor with conformal factor k. 
Equivalently: 

{f,g} k =A'(df,dg) + f{k,g}-g{kJ} (6.170) 

Due to the presence of the conformal factor, the Schouten bracket of the con- 
formal Poisson tensor with itself does not vanish anymore. Instead [12] : 

[A',A'] S = -2AT fe AA' (6.171) 

and also, as Xk is a Hamiltonian vector field: 

L Xk A' = kL Xk K = (6.172) 
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Remark 57 The bracket nTTJW is WL-linear homogeneous in the conformal fac- 
tor k. So, any two such brackets with conformal factors, say, k\ and &2, will give 
rise to a bracket of the same form ( a "compatible" bracket, in this sense) with 
conformal factor: k = k\+ki- This seems to imply that, in order to obtain non- 
compatible classical limits, one should introduce some amount of non-linearity. 
This can be done by using non-linearly related Poisson structures. 

Remark 58 Extrapolating now the Jacobi bracket 116. 168]) to dimension one, 
one finds nonetheless an interesting consequence. In this case, and "a fortiori"', 
A = A' = 0, and hence: 

{f,g} k = fL Xk g-gL x J (6.173) 

If we consider a circle S 1 with angular coordinate <p £ [0, 2ir] and measure 
dip /2tt, consider periodic functions that can be expanded in Fourier series on the 
O.N. basis: 

fn = e mv , neZ (6.174) 

and take: 

X k = » A (6.175) 

dip 

then Eq. \6.T~/3) yields at once: 

{fn, fm} k = (n- m) fn+m (6.176) 

which is nothing but the classical conformal algebra J55j (i.e. the Virasoro alge- 
bra without central charge). 

6.6.3 Conformal Poisson Brackets and the KMS Condition in Phase 
Space 

We will consider here the algebra A of functions on phase space equipped with 
the ^-product (the Moyal product for the time being) and with the associated 
bracket. 

Evolution in time on this algebra is an automorphism of A described by 
Eqs. (|6.129j) and (|6.130[) . In particular, the latter states that: 

A3f^f (t) = cxp„ {itffj/ti) * f * cxp„ (-itffj/h) (6.177) 



Let now u> be a stat g 109 ! on the algebra. Correlation functions will be in 
general of the form: w (/ (t) *g(t')), f.g e A. Time-translational invariance 
will be assumed [187] for equilibrium states [95]. Hence: 

w (/ (t) * g (0) =u(f(t-t')*g) = u(f*g (f - t)) (6.178) 



109 i.e. 95 a linear functional that is real, positive and normalized, the latter condition being 
equivalent I95| to: ui (1) = 1. 
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will be assumed throughout. In particular, setting g = 1 in Eq. (|6.178[) , we 
obtain: 

«(/(*)) sw(/)V/,t (6.179) 

With any pair /, g £ A we can associate the correlation functions |187j : 

0/, (*)=«(/ (*)*$) (6.180) 

and: 

F fg (t)=u(g*f(t)) (6.181) 

Making t into a complex variable, the state ui will be said to be a (Kubo, Martin, 
Schwinger) KMS state at (inverse) temperature [51 153 1 [M l ITU51 [TT71 IT5T1 IT571 
[T93] if: 

• Qf g (t) is bounded and continuous in the strip: — fi,/3 < font < and 
analytic inside the strip. 

• The same for Tf g it) but in the strip < Im t < Hfj and: 

• The two are connected by: 

g fg (t)=F fg (t + ihf3), -h/3 <lmt<0 (6.182) 

Taking then boundary values on the real axis, we obtain the KMS condition: 
w(J (t)*g) =u{g* f {t + ihp)) (6.183) 



Remark 59 In the operator language, the KMS condition is usually proved 
(at least for bounded operators) , using the cyclic invariance of the trace JIKA 
|i#7| / for systems whose (thermodynamic) equilibrium states are described by the 
canonical ensemble or (with minor modifications) by the grand- canonical ensem- 
ble. 

Remark 60 Although the KMS condition is usually stated for equilibrium 
states at non-zero temperature, there is a similar condition [1031 characterizing 
the ground state(s) at zero temperature, namely that Qf g (t) be, for real times, the 
boundary value on the real axis of an entire function that is uniformly bounded 
for Imt < 0. 

Noticing that: 

f(t + ih/3) = ex^(i(t + ih/3)f s /h)*f*e^(-i(t + ihf3)f R /h) = 

= cxp, (-/3/ g ) * / (t) * exp, {(if s ) (6.184) 

and expanding the exponentials in the last expression:: 

f(t + ih/3) ~f(t) + ih(3 {/ (t) , f s } M + O (ft 2 ) (6.185) 
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and, as: {., .} M = {., .} (the classical Poisson bracket) to lowest order in h, we 
obtain the (correct) expansion: 

f(t+ ih/3) ~ / (t) + ih0 {/ (t) ,f S } + (h 2 ) (6.186) 

and hence the classical KMS condition [31 1121 113] : 

Lo({f(t),g})=Pco(g{f(t)Ja}) (6.187) 

Interchanging the roles of / and g and taking differences, we obtain also: 

u({f(t),9}) = lfa(f(t){f s ,g}-g{f s ,f(t)}) (6.188) 

Remark 61 Setting g = 1 in Ea A6.188\) we obtain: uj ({/§,/(*)}) =0V/e 
A. Adding then (-1/2) j3w ({/#, / (£) g}) = to i/ie r./i.s. of Eg. {6. 188]) we 
re-obtain Eq. {6.187ty , and the two are therefore equivalent. 

Noticing further that: 

i/?{/ 5 ,.}^- e ( 1 / 2 )« ff { e -a/ 2 W 5? ,.} (6 .i 8 9) 

we can rewrite Eq. (|6.188p in the form: 

w ( e (i/%[ e -(Wfe {/(i)ij} + /(t){ e -(Va)W ff>s J (6.190) 

- .g{ e -< 1 / 2 ^,/(t)}])=0 

Comparison with Eg. (16.170j) shows then that: 

The classical KMS condition {6.187^ is equivalent to the condition 

u (eWWfs {/ ( t ) , 5 } fe ) =0V/, 9 ei (6.191) 

where the bracket on the l.h.s. of Eg. [5. 191}) is the conformal bracket \6.170ty 
with conformal factor 

k = exp(-(l/2)0f s ) (6.192) 

We turn now to the full quantum case (i.e. away from the limit h — > 0). 
Define (cfr. Eqs. ((6,1921) and (|6.130|l ): 

k(,=:exp,(-(l/2)0f s ) (6.193) 

where: 

oo 1 

exp,/=:l + ^-/ */*...*/ (6.194) 

n— 1 , . 

n times 
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whose ^-inverse is k-p. This defines the automorphism: 

*:f-Kr(f)=f W 2 ) = k p *f*k-f> 



(6.195) 



(notice that: a (f * g) = a (/) * a (<?) V/, g) and the KMS condition (|6.183p can 
be written as: 

uj(f(t)*g)=Lo(g*a 2 (f(t))) (6.196) 



Substituting now a (g) for g in Eq. (|6.196[) we find: 

w {a (g) * a 2 (/ (t))) - w (a( 5 * a (/ (t)))) =u(jg*a(f (*))) (6.197) 

the last passage following from time-translational invariancc l 110 ! (Eq. (|6.179|l ) 
and, eventually: 

«(/(*W(flO)=w(ff *"(/(*))) (6-198) 

or, in terms of the deformed Moyal bracket (J6.138I) with deformation factor 

fc = kp: 

"({f(t),9} M ,k l3 * k p 1 )=0 (6-199) 

But: 

{/ (*) > 9} mm, *k^=a [k-p * {/ (t) , 5 } M J (6.200) 

and, using again Eq. (I6.179P , we obtain eventually [12j [13] : 
u(k-f,*{f(t),g} Uikp ) =u(exp.((l/2)l3f 6 )*{f(t),g} Uikjl ) =0 (6.201) 

which is the quantum version of the classical KMS condition, with exponen- 
tials replaced by " ^-exponentials" and (deformed) Poisson brackets replaced by 
(deformed) Moyal brackets. 



110 If time-translational invariance is not assumed, then Eq. 116. 1961 1 leads, setting g = 1, to: 
io((cr 2 — 1)/) = 0. As what is needed to complete the argument is instead the condition (see 
below): a; ((<r — 1) /) = 0, one has then to assume 1121 the mapping <r + 1 to be invertiblc. 
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7 Additional Topics and Concluding Remarks 
7.1 Some Generalizations 



Weyl systems, the way we have presented them, have been built with the use of 
a specific prescription (whose basic ingredients (see ChaptJS]) are a vector spaces 
E and a symplectic structure over E) to deal with a specific prescription for the 
ordering problem that arises in the quantization procedure, one that is known 
as the "Weyl ordering" prescription (see Sect l6.ip . 

To deal with other ordering prescriptions that are available in the literature 
(say, normal, antinormal or other "s-ordering" prescriptions (see, e.g. Ref. |121| ) 
one has to enlarge slightly the setting of Weyl systems. 

Consider then a symplectic vector space with symplectic form ui (., .), equipped 
however with an additional complex structure and therefore (see Chapt|4]) with 
an Hcrmitian structure (.|.). In this way, having the Hcrmitian structure at 
hand, one can replace the (conventional) Weyl map, i.e.: 

W (vi) W (v 2 ) V?" 1 ( Vl ) W- 1 (v 2 ) = e-Mvi.v^j ( 7A ) 

with the following one: 

W (vi) W (v 2 ) W- 1 (vi) W- 1 (v 2 ) = e~< Vl l V2 >I (7.2) 

Here the r.h.s. is no more a unitary transformation, i.e. an element of U (1), 
but it is instead an element of Co = U (1) x R + . 

More generally, by splitting, as we have done repeatedly, the Hermitian 
structure into its real and imaginary parts: (.|.) = g (., .) + iu (., .), it is possible 
to consider a further generalization by setting: 

W (v t )W (v 2 ) W- 1 (vi) W- 1 (v 2 ) = e — ffCvi.v^-fc-Cvi.vjj (7 _ 3) 

with the "deformation parameter" s taking values in [—1,1]. This kind of gen- 
eralization can become quite useful in dealing with the problem of second quan- 
tization (see below Sect l7.4p . 

Remark 62 Notice that, the metric tensor g having been replaced by sg, the 
link between the real and imaginary parts of the Hermitian structure and the 
complex structure gets lost here for all s ^ ±1. 

From our point of view, this kind of generalization raises a new problem 
concerning the Moyal product. Namely, besides the bi-differential operator 



exp 



I dx^ dp^ 



(7.4) 



we will be forced to consider in addition also the bi-differential operator 
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exp 




(7.5) 



In the framework of our " deformation" construction, and with reference to the 
discussion of Nijenhuis operators and of the Hochschild cohomology that is 
summarized in App.A, it is possible however to show that these additional 
terms do not change the cohomology class of the algebra we obtain by using 
only the Poisson tensor, i.e. the bi-differential operator (|7.4|) . as the following 
example shows. 

Example 63 To illustrate the situation, it will be enough to consider the new 
product on functions defined on R along with the deformation of the usual point- 
wise product. We can consider then the bilinear map: 




(/, 9)-> n f* s" := / exp { -s— ® — }g (7.6) 



Now, it is possible to show that the linear map T defined by: 

is such that: 

"f*9»=T(f-g)-T(f)-g-f-T(g) (7.8) 

(with the dot denoting the usual pointwise product), thus proving (see again 
App.A) that the bilinear map 1 7. 6| ) is indeed a coboundary in the Hochschild 
cohomology of the algebra of functions with the pointwise product. 

7.2 Pseudo-Hermitian Quantum Mechanics 

It is appropriate at this point of our exposition to mention that many aspects 
of our mathematical considerations have also appeared in a setting that has 
a completely different origin, namely the field of pseudo-Hermitian Quantum 
Mechanics. Pseudo-Hermitian Quantum Mechanics (PHQM) is an attempt to 
generalize Quantum Mechanics due mainly to CM. Bender and collaborators 
(see, e.g., [TS] and references therein). One starts with a Hilbert space equipped 
with an Hcrmitian product (•,,•) and a Hamiltonian H which is diagonalizable 
but is not Hermitian, i.e., in general: 

(iP,H<t>)^(HiP,4,) (7.9) 

We shall assume for simplicity the spectrum of H to be entirely discrete, this 
meaning that the eigenvalue equation 

#|<M=A„|V>„) (7.10) 
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admits of a complete set (IV'n)}™ of eigenfunctions which cannot, in general, be 
chosen to be orthonormal. Suppose in addition that {|V>n)}n admits of a bi- 
orthonormal extensi on { \ip n )}ni l^rjjn, i.e. that there exists another complete 
set {|</> n )}n such thai 



111 



{4>rrM>n) = 5 mn (7-11) 

Notice that this implies: 

(<j> m \Hip n ) = \ n S mn (7-12) 

which implies in turn: 

(X m {<t>m\ - (4>m\H) |^ n > = Vn (7.13) 

and hence: 



(7.14) 



i.e. that the (</> m |'s are (a complete set of) left eigenvectors of H. 
Then one has a resolution of identity: 



i = £>»><&• I = £l*»W»l ( 7 - 15 ) 

n n 

Now one defines a new operator 77: 

ri = J2\^^\ (7.16) 

which can be easily shown [188j to be invertible, with inverse 

and positive. Thus one can define a new new Hermitian product that will be 
related to the original one by: 

h(;-) = (;,v) (7.18) 

In other words, r\ is a positive operator that behaves as a (1, l)-type tensor 
connecting the new and the old metrics. The latter is then used only to identify 
the topology of the vector space of states, which turns out to be equivalent [188j 
to the one defined by the new scalar product. 

It is immediate to see that: (i) the complete set of eigenfunctions {|^'n)}n 
becomes orthonormal w.r.t. h(-, •), h(ip n ,ip m ) = S nm and: (ii) the Hamiltonian 
H becomes Hermitian, i.e.: 

h(ip,H<l)) = h(H'i(),4>) (7.19) 



111 Such a set always exists provided {\^n)}n is a Riesz basis, i.e. provided one can find a 
bounded invertible operator A and an orthonormal basis {|x™)}n such that \ip n ) = ^4|x«)- 
Indeed in this case one has: \ip„) = J2 m A mn \xn) with A mn = (Xm\Axn) and can set: 
\cj,, n )=T. J (A- 1 r jm \Xj)- 
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provided that 

H ] = r/Hr/- 1 (7.20) 

which is true iff the spectrum of H is real, as one can easily find after checking 
that: H = J2 m A m |^ m )(0 m |, while: -qH-q^ 1 = J2m ^m\<t>m) {i>m\ and: i?t = 
S TO Aml < / > m)(V'm|- Hcrmiticity of H w.r.t. to the new Hermitian product implies 
of course that h(-, •) is preserved by the dynamical evolution (while (•,,•) is not). 
It is clear that, from our point of view, the problem appears as a sort of inverse 
problem, i.e. the problem of determining all Hermitian products which are 
preserved by the flow defined by the Hamiltonian H. Clearly, once a solution 
has been found, there exist many others that can be found by using appropriate 
operators in the commutant of H . Indeed, if A is such that [A, H] = 0, then: 

(rjAjHiriAy 1 = ^H-q- 1 = iJ f (7.21) 

and this defines the new Hermitian product: 

h A (;-)=h(;A.) = (.,, V A.) (7-22) 

The appropriate conditions on A will be that it be invertible and that r\A be still 
a positive operator, and the conditions on H , namely that it be diagonalizable 
with a real and discrete spectrum, appear simply as conditions for the inverse 
problem to have a solution (and hence in general many others). Thus, while in 
the usual approach one fixes a Hilbert space (and hence an Hermitian product) 
and looks for observables and unitary evolution, in PHQM it is the dynamical 
evolution that is given, and one looks for the Hermitian products that are pre- 
served by the evolution. Recalling our discussion of Sect. 1.2, we notice also 
that the new scalar product h{-, •) induces a new associative product between 
operators: 

A - v B = ArjB (7.23) 

It is clear that even if [A, B] = then [A, B] v = ArjB — Br\A ^ in general. 
For example, if both A and B admits the following decomposition in term of 
the bi-orthonormal system: 

A = J2a n Wn)(<f>n\ , B = Y,l>n\4>n)(<t>n\ (7.24) 

n n 

so that [A, B] = 0, one has: 



[A,B] V = ^{a m b n - a n b m )(<f>m\4>n)\ipm)(<l>n\ (7-25) 

ran 

which is not zero since not all (<p m \^n) are necessarily zero. When operators 
with continuous spectra are involved, it may be the case that the Hermitian 
products rendering the Hamiltonian Hermitian need not induce commutation 
relations for which the operator is localizable. By this we mean that the position 
operators need not commute w.r.t. the new associative product that has been 
induced on the operators. 
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Let us end this section by giving a simple example of a pseudo-hermitian 
operator |116j . We consider the Hilbert space L 2 ([0,d]) with the standard 
scalar product (•, •) and an operator H a defined on twice (weakly) differentiable 
functions in L 2 ([0, d]) given by the quadratic form: 

h a (cj), 4,) = ((/>', ip') + ia(j)(d)*4j(d) - iacj)(0)*ip(0) (7.26) 

where a is any real number. Some straightforward algebra shows that the 
eigenvalue problem admits the following solutions: 

„2 



ipo{x) 



Aq exp(— iax) 



Ao 



ipj(x) = Aj cos(kjx) — ijr- sm(kjx) Xj = k 



Xj — kj , kj -j 



(7.27) 

(7.28) 

J = l,2,--- 



provided that ad/ir ^ Z — {0}. It also easy to see that H^ — H- a and its 
eigenfunctions and eigenvalues are given by: 

A = a 2 



(j) (x) 



B, 



Bq exp(iax) 
cos(kjx) + ijr- sm.(kjx) 



(7.29) 
(7.30) 



A; 



kj , kj 



J d> J 



1,2,- 



Both the sets {|V'n)}^Lo an d {\ < t ) n)}'^Lo are complete [116] and the coefficients 
A n , B n can be chosen so that 

(0ilVfc>=*ifc (7-31) 

which shows that {\ip n ), |0n)}^Lo ^ s a bi-orthonormal basis. Thus the invertible 
positive operator r] a , that can now be used to define a new scalar product w.r.t. 
which H a becomes hermitian, assumes the form: 



In ref. [116] it is shown that it can be recast in the following form: 

r) a = I + (<po, -)0o + Q + ia9i 
where, for any ip(x) e L 2 ([0,d]): 



a 2 9 2 



(9 i>)(x) 

(02^)(x) 



= -\{J^){d) 

= 2(JtP)(x) - - d (.m{d) - \(J 2 md) 

= -(J 2 ^( x ) + ^j 2 ^(d) 



with 



(J^)(x) 



dxip(x) 



(7.32) 



(7.33) 



(7.34) 



which allows to prove explicitly that indeed r\ a is bounded, invertible and posi- 
tive. 
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7.3 The Role of Linear Structures in Statistical and Quan- 
tum Mechanics 

7.3.1 "Reformulating" the Von Neumann Theorem 

In Sects l3~3~21 and r3.3.3l we have examined the situation in which it is possible 
to define alternative linear structures at the classical level. We will examine 
now the quantum case. 

In general, if two non-linearly related linear structures (and associated sym- 
plectic forms) are available for a classical system, then one can set up two 
different Weyl systems realized on two different Hilbert space structures made 
of functions defined on the same Lagrangian subspace (see the example below) 
but anyhow with different Lebesgue measures. These two Lebesgue measures, 
call them dfi and d/j,' , will be associated with different actions of the Abelian 
vector group of translations that are not linearly related. When compared by 
writing both in the same coordinate system they will not be simply proportional 
with a constant proportionality factor. Functions that are square-integrable in 
one setting need not be such in the other. Moreover, a necessary ingredient 
in the Weyl quantization program is the use of the (standard or symplectic) 
Fourier transform. For the same reasons as outlined above, it is clear that the 
two different linear structures will define genuinely different Fourier transforms. 

In this way one can "evade" the uniqueness part of von Neumann's theo- 
rem. What the present discussion is actually meant at showing is that there are 
assumptions, namely that the linear structure (and symplectic form) are given 
once and for all and are unique, that are implicitly assumed but not explicitly 
stated in the usual formulations of the theorem, and that, whenever more struc- 
tures are available, the situation can be much richer and lead to genuinely and 
non-equivalent (in the unitary sense) formulations of Quantum Mechanics. 

Let us illustrate these considerations by going back to the example of the 
ID harmonic oscillator that has been discussed in Sect l3.3.2l To quantize this 
system according to the Weyl scheme we have first of all to select a Lagrangian 
subspace £ of K 2 and a Lebesgue measure d\i on it defining then L 2 (£,d[i). 
When we endow R 2 with the standard linear structure A = qd/dq + pd/dp, 
we can choose C = {(q, 0)} and dfi = dq. Consider now, e.g., the change of 
coordinates: (f> : (q,p) -H> (Q,P) defined by [So] : 

q = Q (1 + XR 2 ) , p = P (1 + XR 2 ) (7.35) 

parametrized by: A > and where: R 2 = Q 2 + P 2 . Eqs. (|7.35p invert to 
(r = ^/q 2 + p 2 ) : 

Q = qK{r), P = pK (r) (7.36) 
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where K is a positive function, the (unique) real solution of the equation^ 

Xr 2 K 3 + K - 1 = (7.37) 

Now we can consider the linear structure defined by: A' = Qd/dQ + Pd/dP 
and take: £' = {(Q, 0)} and: d\x' = dQ. 

Notice that £ and £ are the same subset of M 2 , defined by the conditions 
P = p = and with the coordinates related by the relation Q = qK(r = \q\). 
Nevertheless the two Hilbert spaces L 2 (£, d/i) and L 2 (£' ,d/j,') are not related 
via a u nitar y map since the Jacobian of the coordinate transformations is not 
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As a second step in the Weyl scheme, we construct in L 2 (£, d/i) the operator 
17(a): 

(&{a)1>) (?) = e^Vte) , 4>(q) € L 2 (£, dfi), (7.38) 

whose generator is x — q, and the operator V(h): 

(V(h)i?j (q) = f/,(q + h) i;(q) € £ 2 (£, d/i), (7.39) 

which is generated by % = ~ihd/dq. The quantum Hamiltonian can be written 
as H = h ^a + |) where a = (x + in)/^/2h (here the adjoint is taken with 
respect to the complex structure compatible with the Lebesgue measure <i/i). 
Similar expressions hold in L 2 (£', d/i'), and we will obtain unitary operators 
U'(a), V'(h) with infinitesimal generators: X — Q and: II = —ihd/dQ. Notice 
that, when seen as an operator in the previous Hilbert space, V'(h) implements 
|66j translations with respect to the linear structure defined, in the notation of 
SectESJby: 

{V'{h)^)(q)=i,{q+ W h). (7.40) 

Denoting as usual with a dagger but also with an additional prime the ad- 
joints taken with respect to the complex structure compatible with the Lebesgue 
measure d/i' , the quantum Hamiltonian will be now: H' = H (A' 1 A + h) with 
A = (X + iU)/V2h. 

It is interesting to notice that, in the respective Hilbert spaces: [a, at] = I 
as well as: [^4, A^'\ = I, so that we obtain two different and not linearly related 
realizations of the Heisenberg algebra. 

In terms of the "uppercase" variables, we obtain [66 with some algebra: 

x={l + \X 2 )X (7.41) 

and: 

t? = (1 + SXX 2 )- 1 !! (7.42) 



112 Eq. l|7.37|l below shows that, actually: K = K (Ar 2 ). K is monotonically decreasing for 



A > and: A = o K = 1, while: K ss (Ar 2 ) 

A— )-oo 

113 In fact: dfi = (1 + 3XQ 2 )dfi' . 
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so, while the position operator x will be self-adjoint with respect to both 
measures, the conjugate momentum operator will be not, and indeed, while: 
x^ = x' 1 = X and: n^ — n, we obtain instead [66] : 

Tf 17 = n-6i\X{l + 3XX 2 )- 2 (7.43) 

Thus, the C*-algebra generated by x, it, I seen as operators acting on L 2 (£, dfi) 
is closed, whereas the one generated by x, it, I and their adjoints xr' , it'', P' act- 
ing on L 2 (C ,d/i') does not close because we generate new operators whenever 
we consider the commutator between it and tp'. As a consequence, the operators 
x,it and x',it' close on the Heisenberg algebra only if we let them act on two 
different Hilbert spaces generated, respectively, by the sets of the Fock states 

1 = (« f )"|0), (7.44) 



\N) = J=(A1') N \0). (7.45) 

7.3.2 Alternative Descriptions and Statistical Mechanics 



By further considering the example of the ID harmonic oscillator, we would like 
to examine whether alternative Hamiltonian descriptions do lead to the same 
thermodynamical description of a given system. 

Let us start from the classical case, when the symplectic form can be rewrit- 
ten on R 2 - {0} as: 

u = dp A dq = dH A f (7.46) 

with: 

{ = * = ^^ (7.47) 

and the "time function" t will be given by: t = (1/w) t&n^ 1 {mujq/p}, which 
emphasizes its local character. Thus R 2 — {0} can b e ide ntified with S 1 xR+ 
parametrized by dH and dt. The associated canonica l 114 ! partition function is 
easily evaluated, and the well-known result [187] is: 



oo 

Z = h- 1 I exp{-/3H}uj = h- 1 I dE cxp{-/3E) f dt = — L (7.48) 

R 2 £(£) 

Here T,(E) denotes the one-dimensional "surface" of constant energy E, /3 = 
1/fcsT with T the (absolute) temperature and fee the Boltzmann constant, 



114 We will restrict here to the canonical ensemble of (both classical and quantum) Statistical 
Mechanics. 
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while h (and: h = h/2ir ) is a numerically undetermined constant with the 
dimension of an actio n 1 15 l . 

In order to keep track of the correct dimensions of the various physical 
quantities involved, let's consider a new Hamiltonian of the form: 

Hf = /? _1 /(A)tf) (7.49) 

where /3q is a "fiducial" quantity, fix ed o nce and for all and having dimension 



[energy) 1 , and /(.) is a real functio n 1 16 l . It is easy to prove that if T is Hamil 



tonian w.r.t. [H, w), then it will be Hamiltonian as well w.r.t. (iJ/,w/), where 
ujf is defined as: 

W/ = dH f A dt (7.50) 

Having redefined (through the new symplectic form) the volume element in 
phase space, it is natural to redefine the partition function as: 

Z f = h- 1 J cxp{- (3H f }uj f (7.51) 



R 2 



But then: 



Z f = h~ 1 I dE f cxp{-(3E f } j dt (7.52) 

E(E/) 

We notice that the nonlinear change of coordinates (I3.93[) defines such a trans- 
formation on the Hamiltonian if we set: f(f3oH) = <fi(H). 

We come now to the analogous problem in the context of Quantum Me- 
chanics. In terms of the creation and annihilation operators a and a^ , with the 
standard commutation relations: 

[a,a f ] = l (7.53) 

one constructs a basis in the Fock space as: 

fa 1 ")™ 
|n)i = i^lO) (7.54) 



with |0) the Fock vacuum and the standard scalar product, that we will denote 

as (.|.)i: 

(n|m)i = S nm (7.55) 



llj It is well known that one is forced |187| to introduce it in the context of classical Statistical 
Mechanics in order to obtain a dimensionlcss expression for the partition function, so as to 
make sense of expressions such as : T = — /9 _1 In Z for the (Hclmoltz) free energy. The value 
of h is fixed unambiguously at that of Planck's constant at the quantum level of Statistical 
Mechanics. 

116 We will assume /' > throughout, and that in order: i) to give a sensible meaning to 
integrals (see below) over phase space and: ii) not to change the number of critical points. 
The original Hamiltonian will correspond of course to f(x) = x. 
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We need to define for any (trace-class) linear operators the trace as: 

Tn6 = ^/n|6|n\ (7.56) 

n=0 

in order to be able to calculate the partition function at the quantum level as: 
Z = Tr exp{- /3H} = ^<n| exp{-f3H}\n} 1 (7.57) 

n 

Now, we perform a "nonlinear change of variables" by defining [150, 67] new 
operators as: 

A = f(n)a (7.58) 

with fin) a positive, monotonically increasing and nowhere vanishing function 
of the number operator n = a^a. 

At this point, a little care is required when defining the adjoint of any oper- 
ator: with the scalar product (.1.)^ with which a^ is the adjoint of a, the adjoint 
of A is of course: A^ = a t /(n). 

It is pretty clear that, n being a constant of the motion, the equations of 
motion for A and A^ will be the same as before. We can however reconstruct a 



different Fock space by assuming the same vacuum and defining new state a 117 



as: 

|n) a = i-^|0) (7.59) 



with a new scalar product defined as: 

(n\m)2 = Sum (7.60) 

The nonlinearity of the transformation reflects itself in the fact that, despite 
the fact that \n)i and \n)2 are proportional, the linear structure in the Fock 
space labeled by "1" does not carry over to the linear structure of space "2". 
This has to do with the fact that the proportionality factors between the |n)i's 
and the |n) 2 's depend on n. In other words, if we try to induce on space "2" a 
linear structure modeled on that of space " 1" , the latter will not be compatible 
with the bilinearity of the scalar product (.|.) 2 that we have just defined. 

Now, A^ is no more the adjoint of A w.r.t. the new Hermitian structure we 
have introduced. If we denote by (.) 2 the adjoint of any operator w.r.t. the 
second Hermitian structure, then we find: 

(^)l - 77V (7-61) 

which is quite different from A. The pair {(A^,^} will yield a new ("non- 
linear" ) realization of the Heisenberg algebra, and indeed it is immediate to see 
that: 

[(At)U f ] = l (7-62) 



""Note that, with this definition: |n)2 = {rifc = o /(' c )}l n )i 
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Now, (A^y 2 and A^ will obey the same equations of motion as a and aJ , that can 
be derived from the previous commutation relations and from the Hamiltonian: 
H = A^A^l + 1/2 (which turns out actually to coincide with the old one when 
written in terms of the original creation and annihilation operators) and that 
will have therefore the same spectrum. Defining then consistently the trace of 
any operator O as: 

oo 

Tr 2 6 = Y^ (n\0\n\ (7.63) 

n=0 

will lead to the same partition function. 

7.4 Weyl Systems and Second Quantization 

7.4.1 Some Preliminaries 

We recall here, mainly to fix the notation, what are the main ingredients for 
the construction of a Weyl system that were discussed at the beginning of this 
Chapter. What we need is: 

• A real, symplectic vector space S whose symplectic form (skew-symmetric 
and non-degenerate) will be denotes as uj (., .). If S is finite-dimensional, 
then: dim S — 2n for some integer n. S will be required (see Sect l3.5.T1 
for more details) to possess also a complex structure J, i.e. a (1, l)-tensor 
satisfying: J 2 = —I2nx2n and compatible with u>, which means: 

u (z, Jz') + uj (Jz, z') =0Vz,z'e5 (7.64) 

and implies that: 

<?(,.) =:u;(., J (.)) (7.65) 

(g (z, z') = uj (z, Jz')) will be symmetric and nondegenerate, hence a met- 
ric and a positive one iff: 

u(z, J.z) >0,Vz^0 (7.66) 

It is always possible to decompose S into the direct sum of two La- 
grangian subspaces S\ and S2, S = S\ 52, in such a way that, writing 
(in an unique way): z = (z 1: z 2 ) = (zi, 0) + (z 2 , 0) ,z\ G 5 \,zi G 5 2, w 
can be written " in Darboux form" , being represented by the matrix: 



'tixn 



(7.67) 



i.e.: 

uj (z, z ) = z\ ■ z' 2 — z-i ■ z[ (7.68) 
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the dot denoting the standard Eucl idean scalar product. The (compatible) 
complex structure J will act a a 118 l : 



J : (z 1 ,z 2 ) i-> (~z 2 , Z\) 



(7.69) 



The vector space S can be viewed either as the cotangent space of either 
S\ or S2 or, alternatively, as the realification [S] of a complex vector space 
of complex dimension n, in which case, writing, e.g.: z = Z\ + iz 2 , the 
complex structure will act as multiplication by the imaginary unit i. A 
Weyl system will consist then of: 

• A map: W : S ^ U {H);S 3 z ^ W{z) £ U (U) into the set U (U) of 
the unitary operators over a Hilbert space H. which is strongly continuous 
and satisfies: 

W (z) W {z') = W {z + z') exp {iu (z, z') /2} , Vz, z' E S (7.70) 

where (here and in the following) we have set for simplicity K = 1. We 
have already discusses how, using Stone's theorem [201] . one can represent 
W (z) as: 

W (z) = exp Ud (2)} (7.71) 

with G (z) (essentially) self-adjoint, G (tz) = tG (z) and: 



G(z),G(z r ) =-iu(z,z') 



Remark 64 Using the truncated Baker- Camvbell-Haus dor if formul a 119 ] 1 
also write: 



(7.72) 



exp 



UtG(z)\-expUtG(z')\ = exp lit G (z) + G (z') } • (7.73) 



exp <^ -~ir 



G{z),G(z r ) 



whence, comparing with Eqs. ^7.7U\ l and \7.72ty and expanding in t: 

G{z) + G(z') = G{z + z'),Vz,z , 



(7.74) 



Remark 65 To be more precise, the l.h.s. 's of both Eqs. \7.7lty and \7.7J$ should 
be properly understood \2J$ as the closures of the commutator and of the sum 
respectively. 

We know also from Sect l5.2l that. via the von Neumann theorem [223 , one 
can realize concretely T-L as the Hilbert space of s quare- integrable functions over 
a Lagrangian submanifold Q C S, and ho w 120 l different realizations of T-L are 
mutually unitarily related. 



118 Notice that J is not unique. For example 24 , if J is a complex structure, then also: 
J' = S~ 1 JS will be such if S is any symplectic transformation. 
119 e A £ B _ e A+B e ±[A,B] wheneven [A [A, B ]] = [B [A, B]] = 0. 
120 As long as we do not alter (see Sect l7.3Tl l the linear structure in a non-linear way. 
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7.4.2 Weyl Systems over a Hilbert Space. Second Quantization 

Following the scheme set up in Sect l5.2[ assume that we have realized the Hilbert 
space T-L as the (complete) Hilbert space L^ (Q), with Q a Lagrangian submani- 
fold of the original (real) vector space S. To fix the ideas, and in the notation of 
the previous Subsection, we can take, e.g.: Q = S± and, writing now: z = (q, p) 
and: W (z) = W (q, p) , we have then, with: V € L 2 (Si) and: x € S±; 

(W (q, 0) i?) (x) =: (U (q) V>) (x) = V (x + q) (7.75) 

and: 

(W (0, p) V) (x) =: (9 (p) V) (x) = exp {ip ■ x} V (x) (7.76) 

(here too we are setting: h = 1). 

We will consider here V. ~L 2 (Q) as a "single-particle Hilbert space", and 
we will proceed to setting up a description of an assembly of identical particles, 
fixing our attention, for the sake of illustration, on the case of particles obeying 
Bose statistics. 

We turn now explicitly to the Hilbert space Li (Q), which is endowed with 
the Hermitian (linear in the second factor) scalar product (<ix standing for the 
Lebesgue measure): 

h (V>, i>') =■ I dx^ (x) V' (x) (7.77) 



Writing: ijj = u + iv for every rp £ Ji, the complex Hilbert space T-L can be 
rcalified [5] into the real linear vector space of pairs (u, v), equipped with both 
a (positive) metric: 



g ((u, v) , (v! ', v')) — J dx [uu + vv'] = Re h (tp, ip') (7.78) 

and a symplectic form: 

uj((u,v),(u',v'))= I dx[uv' - vu'} =Imh(i>,tp') (7.79) 



i.e.: 

h(.,.) = g(.,.)+iu>(.,.) (7.80) 

with the complex structure (see the previous Subsection) acting as: 

J:(u,v)>->(-v,u) (7.81) 

(and hence: g ((u, v) , (u 1 , v')) = u {(u, v) , J (u', v'))). 
One can set up now a Weyl system in the form: 

[u,v)^W{u,v) (7.82) 

W [u, v) W {u\ v') =W(u + u',v + v') exp {ico ((«, v) , (u', v')) /2} 
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Representing W (u, v) as: 

W (u, v) — exp < iG (u, v) > 
with a self-adjoint generator G, we have (cfr. Eqs. (|7.72j) and (|7.74|l ): 

G (it, v) , G («', «') = — iw ((u, i>) , (u , v )) 
as well as: 

G (u, u) = fi (u) + $ (w) ; n (w) =: G (u, 0) , $ (v) =: G (0, u) 



with the commutation relations 121 



* (u) , II (u) =i / dviu (x) w (x) 



as well as: 



q>( v ),^(v') = n(«),n(«') 







(7.83) 



(7.84) 



(7.85) 



(7.86) 



(7.87) 



Being R-linear in their arguments, it is customary to represent both opera- 
tors $ and ft in the form [24l [213] : 



# (v) = / dx* (x) v (x) ; n (u) = / dxn (x) u (x) 



(7. 



i.e. in terms of the distribution-valued (Hcrmitian) field operator ^ (x) and 
of its conjugate momentum II (x) obeying, as a consequence of Eqs. (|7.86p and 
(|7.87p . the (equal-time) commutation relations: 



as well as: 



$(x),n(x') =iS{x-x') 



$(x),$(x') = n(x),fi(x') =0,Vx,x' 



(7.89) 



(7.90) 



These operators are easily recognized to be appropriate for the description 
[21 3) of a bosonic field. Having constructed (admittedly in a partly heuristic 
way) the algebr a of field operators, one should then proceed to construct the 
physical vacuu m 122 ! and of the associated Hilbert space on which this algebra of 
operators acts via, e.g., the GNS construction [SUM] or defining (2J, in terms 
of the W's, a generating functional for the Wightman functions [931 , using the 
"reconstruction theorem" of Axiomatic Field Theory [216] . We shall outline 
here however a slightly different route that leads more directly to the usual 
Fock space description of (bosonic) quantum fields. 

121 See however the Remark following Eq, ll7.74[ l, 

122 We do not discuss here problems of uniqueness of the vacuum state. 
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Reinstating for brevity the notation: ip = (u,v) for the (real) pair (u,v), 
we can use the generators: G (ip) =: G (u, v) to define annihilation and creation 
operators a (ip) and a^ (tp) associated with the state ip as: 



1 



1 



Gty) = — ]G ty) + iG (Jty)j ■ a* (V.) = -= ]G (V) - *G ( JV)J (7.91) 

A little algebra shows then that: 

[a (V) , a (V')] = [« f (VO , « f W)] = W>, V' (7.92) 

while: 

[aW>),cfiW)]=h(il>,il/) (7.93) 

If we consider in particular an ON basi a 123 ! {VVi}^° in the "single-particle" 
Hilbert space H (h(i^ n ,ip m ) — 5 nm ) and define: 

a n =:a(ip n ) (7.94) 

then: 

[3n,ay = S nm (7.95) 

and all the other commutators vanish. With these operators at hand, one can 
then proceed to the construction of the Fock space following, e.g., the approach 
discussed by J.M.Cook [?S] already in the early Fifties. 

Of course, one can also work directly with the exponential form (|7.70p of a 
Weyl system, as we will see now. The possibility to do so relies on the following 
observations that can be easily verified if we work on a finite n-dimensional 
Hilbert space H. We will denote with IK the space of (complex) functions f(z) = 
/(zi, Z2, • • • , z n ), Zj £ C, on H which are square-integrable according to the 
(Gaussian) measure: 

||/|| 2 =: /" [ ft gggfjfogM , - - /f ;,f.: x (-,.„„ 




On such space, for any z £ H let us consider the operator: 

W(z) : f(w) >-> f z (w) =: f(w - z) exp [^- - { -^j (7.97) 

which: i) conserves the norm: ||/|| 2 = ||/ z || 2 and ii) satisfies the relation 

W(z)W(z') = W(z + z') exp f llm ^ z '^l \ ( 7 .9 8 ) 

and hence allow for the definition of a Weyl system which is irreducible on the 
subspace of K of antiholomorphic functions, Jtc, which can be seen [8] as the 



123 For example, if H = L2 (M), we could choose 8 a the basis of the eigenfunctions of the ID 
harmonic oscillator (the Hcrmite functions 77 ). 
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closure w.r.t. the norm denned above of the space of antiholomorphic polyno- 
mials in the n variables z%, Z2, • • • , z n . A straightforward calculation shows that 
setting uW) = (0, • • • ,0,Uj,0,- ■■ ,0) and v® = (0, • • • ,0,Wj,0,--- ,0), with 
Uj,Vj € R, one has: 



iG{u 



U)\ 



dRewj 



so that the annihilation/creation operators are given by 

= G( „ M ) iC (»0) ) = j 

i - -r- 

= ~—7=.Wj on Jtc 



U J 



V2 

and clearly satisfy bosonic-like commutation relations. Then the vacuum (or 
cyclic vector) is given by the constant unit monomial Pq(z) = 1. Notice also 
that for any unitary operator U € U{'H) we may construct a unitary operator 
r(C7) € U(J-k) via the map: 

T(U) : W(z) ^ W{JJ- l z) (7.99) 

A generalization of such results to an infinite dimensional Hilbert space Ti. 
requires of course caution in the definition of domains of operators as well in 
the definition of the spaces K and Jtc- This can be done by introducing the 
so called isonormal [5] distribution <?, which determines a measure dg on the 
Hilbert space which, when restricted to finite dimensional subspaces looks like a 
Gaussian measure with variance a, and defining the space K as the completion 
of the space of polynomials on % w.r.t. the inner product 



P'(i))P(ip)dg(ip) (7.100) 

L 

L being any finite-dimensional subspace of % on which the polynomials P, P' 
have support. The space .Fk is now the subspace of those functions F on 
H such that their restrictions F\l on any finite-dimensional subspace L are 
antiholomorphic in the usual sense. Thus one gets a complex representation for 
the bosonic field in which the Weyl system is given by the operators [8] : 

WW) : F{4>) h+ F{4> - V>) exp (&@- - { -^j , V^ G H (7.101) 

For such representation, the cyclic vector is the function on H identically equal 
to one. Also, for any U € U(H) we have a unitary operator T(U) € U(Fk) such 
that W(i/>) ^ W(U- l i)) 
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This completes the discussion of how Weyl's approach can lead, in a rather 
natural and elegant way, to the formalism of second quantization and hence of 
Field Theory. We have done that for bosons, and we refer to the literature (see 
in particular Refs. [5], [21] and [IS]) for the parent construction for the case of 
fermions. Alternative Hilbert space structures will give rise also to additional 
ambiguities in the commutation relations for the fields. 

7.5 Concluding Remarks 

By using the geometrical formulation of Quantum Mechanics we have bee able 
to " export" from the classical to the quantum framework many problems that 
arise in the classical setting, and we have constructed a more direct "bridge" 
which realizes Dirac's demand [56] that problems arising in Classical Mechanics 
must be a suitable limit of analogous problems arising in Quantum Mechanics. 

In particular, we have addressed the problem of the quantum interpreta- 
tion of the bi-Hamiltonian description of completely integrable systems in the 
classical setting. 

Alternative quantum Hamiltonian descriptions have been provided in various 
pictures of Quantum Mechanics, the Schrodinger, Heisenberg and Weyl-Wigner- 
Moyal pictures. 

Wc have also shown that it is possible to deal with nonlinear transformations 
in Quantum Mechanics without giving up the superposition principle which is 
associated with quantum interference phenomena. 

The role of dynamically determined structures versus pre-assigned mathe- 
matical structures in the formalization of Quantum Mechanics has been further 
elucidated. 

One may wonder if, in analogy with what happens in General Relativity, 
where the metric is determined by solving the Einstein equations, one can con- 
ceive of some field equations whose solutions would provide the Hermitian tensor 
to be used in the description of quantum systems. 

By mentioning how to deal with Second Quantization and Quantum Field 
Theories in this framework we have hinted at the idea that this approach may 
provide suggestions for the introduction of interactions in a pure quantum field- 
theoretic setting. 

At the end of this journey, we believe it to be rewarding to know that many 
sophisticated methods of Classical Physics may find their way into the formalism 
of Quantum Physics. 
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A Nijenhuis torsions and Nijenhuis Tensors 

Nijenhuis Torsions and Tensors on Smooth Manifolds 

Let us consider, to begin with, the set X {M) of vector fields over some (smooth) 
manifold M. X (M) has, as is well known, the structure of a (actually an infinite- 
dimensional) Lie algebra defined by the Lie bracket: 

[., .}:X(M)^X (M) ; (A, Y) H- [A, Y] =: C X Y = -C Y X; X, Y e X (M) 

(A.1) 
with C. the Lie derivative. Let then T be a (1 — 1) tensor viewed as a map: 



T : X(Ai) — > X(A4). One can associat d I with T an antiderivation dr of 



degree one whose actions on zero- and one-forms is given by: 

d T f (X) = df (TX) (A.2) 

on functions, and: 

d T 9 {X, Y) = (C TX 0) (Y) - (C TY 0) (X) + 6 (T [X, Y\) (A.3) 

on one- forms (recall that a (anti) derivation is entirely defined [41] by its action 
on zero- and one- forms). One proves that d\ is a derivation (of degree two) 
commuting with d: d o d\ = d\ o d. As such, its action is entirely defined [H] 
by that on zero- forms (functions), and one finds: 

(4/) (A, Y) = -df (N T (A, Y)) (A.4) 

where [751 EH SSS [M] theNijenhuis torsion N T of T is the (1 - 2)-type 
tensor defined b\ r 25 l : 

N T (X, Y) = {(T o C x (T)) - (C TX (T))} (Y) (A.5) 

or, more explicitly: 

N T (X, Y)=T [TX, Y]+T [X, TY] - T 2 [A, Y] - [TX, TY] (A.6) 

T will be said to be a Nijenhuis tensor if its Nijenhuis torsion vanishes, i.e. if: 

N T = (A.7) 

Remark 66 In local coordinates x l , if: 

T = T l ~®dx j (A.8) 

3 dx l 



124 See Ref. [T86] for more details 

125 Note that what we call here, following the literature, the "Nijenhuis torsion" was called 
the "Nijenhuis tensor" in Ref. |186| . 
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then: 

Nt = \(N t ) 1 km-J^-® dx k A dx m ( A.9) 

where: 

(NtY km = -rr^T' m + T l i Hi-Hi - (fc 4™> m) (A.10) 



and, obviously: Nt = whenever the representative matrix of T is a matrix 
with constant entries. 



Nijenhuis Torsions and Tensors on Associative Algebras 

Eqn. (|A.5l) defines the Nijenhuis torsion on a Lie algebra. Nijenhuis- type tensors 
and torsions can be given however a mo re g eneral setting (331 I34)in the frame- 



work of associative algebras. We recal l 6 I that an associative algebra (A, * 



becomes also a Lie algebra under commutation, i.e. with a bracket defined as: 

[A, B] =: A * B - B * A; A,BeA (A.ll) 

and associativity of the algebra guarantees that the bracket does satisfy the 
Jacobi identity, so it is indeed a Lie bracket. 

Let then (A, *) be an associative algebra over a field K (K = R or K = C 
for our purposes), an let: T : A — > A be a linear map. T will be a derivation of 
the algebra (A, *) if (and only if): 

T (A * B) = T {A) * B + A * T (B) VA,B eA (A.12) 

Be it as it may, given T one can define in general the bilinear map: 

* T : (A, B) -> A * T B = T (A) * B + A * T (B) - T (A * B) (A. 13) 

and *t will be trivial if (and only if) T is a derivation. In general (with T 
not a derivation), *t will define a (non-trivial) new algebra structure [A, *t)- 

As a simple example, let's take T € A, an hence: T (A) = T * A. Then, a 
simple calculation shows that: 

A* T B = A*T*B (A.14) 

Products of this sort will be employed in the text in the discussion of alternative 
commutation relations in Quantum Mechanics. 



126 It goes without saying that the "star-product" * we are talking about here has nothing 
to do with the Moyal product. 
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A Digression on: Hochschild Cohomologies 

Given an associative algebra (A, *) and an „4-bimodule V (what we will have in 
mind will be the case in which V is the additive group of A and the bimodule 
structure is given by left and right multiplication), an n-cochain will be an 
n-linear mapping: 

a : A x Ax.. .A ->• V (A.15) 

V v ' 

n times 

The space C n (A, V) of n-cochains has a group stru cture under addition. Then 



for every n, the Hochschild coboundary overato n 127 ] : S* : C n (A, V) — > C n+1 (A, V) 



is defined (a £ C n (A,V) , oi, ...,a n+ i £ A) via [101J : 

(S*a) (01, ..., On+i) = aiQ (a 2 , ..., a n +i) + 

n 

+y^ (-l) l a(ai, ..,a, *a, + i,..,a n+ i)+ (A. 16) 

+ (-!)" a(oi,... ,a n )a„ + i 

where aa (..) and a (..) a denote the left and right actions of A on V respectively. 
One can check directly that: 

5, o 6, = (A.17) 

As an example, for n = 1: 

(5* a) (ai, a 2 ) = aiQ (02) + a (ai) a 2 — a (a± * a 2 ) (A. 18) 

An n-cochain a is called an n—cocycle if 8*a = 0, an n— coboundary if 
a = <5*/3 for some (n — 1) — cochain /3. n— cocycles form an additive group 
usually denoted as I/ 1 (A, V), and (in view of (|A.17jl ) n— coboundaries form 
an subgroup B™ (A, V) of Z n (A, V). The n— (Hochschild) cohomology group 
H n (A, V) is defined then as the quotient: 

H" (A, V) = Z" (A, V) /B" (A, V) (A. 19) 

The linear mapping T can be considered as a one-cochain and, looking then at 
Eqn. (|A.13[) wc can conclude that: 

A* T B = S*T{A,B) (A.20) 

and hence we can rephrase what has been said previously by saying that T will 
be a derivation if and only if it is a one-cocycle in the Hochschild cohomology 
associated with the " star-product" . 

The *—Nijenhuis torsion of T is defined as: 

N T (A, B) = T (A * T B) - T (A) * T (B) (A.21) 



127 The suffix serves here to stress that the operators and the ensuing properties are all 
relative to the binary product ("star-product") in the algebra. 
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or, more explicitly: 

N T (A, B) = T (T (A) * B) + T (A*T (B)) - T 2 (A * B) - T (A) * T (B) (A.22) 

It is clear from Eqn. (lA.2ip that the Nijenhuis torsion of T measures the ob- 
struction for the linear map T to be a homomorphism of the two products. 

Here too it will be said that T is a *— Nijenhuis tensor if its Nijenhuis torsion 
vanishes. For example, it is easy to see that Nt — if T € A and the associated 
product is given by Eqn. (IA.14p . Hence, T is a Nijenhuis tensor. 



Making Contacts 

To make contact with the initial definition of the Nijenhuis torsion, we recall 
what has already been said, i.e. that an associative algebra can be made into a 
Lie algebra using the commutator (|A.11|) . If we substitute the "star-product" 
with the commutator, then Eqn. (|A.22[) becomes: 

N T (A, B)=T[T (A) ,B}+T[A,T (B)] - T 2 [A, B] - [T {A) , T (B)] (A.23) 

which coincides with Eqn. (|A.6p if we substitute for A,B,.. vector fields on a 
manifold and the commutator with the Lie bracket. This establishes the link 
between the two definitions of the Nijenhuis torsion that have been given here. 
The Nijenhuis torsion defined on an associative algebra will play a role in the 
discussion, in the text, of alternative associative products on the algebra of 
(bounded) operators on a Hilbert space. Completeness would require discussing 
also how the (Lie) algebra of vector fields can be embedded into a larger asso- 
ciative algebra (the enveloping algebra), but we will not insist on this point not 
too lengthen too much the discussion. 
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B Recursion Operators 

Some Preliminaries 

Let T be a (1, l)-type tensor field: T e F\ (Ai). As is already known, the action 
of T on vector fields (denoted with the same symbol) and one-forms (defined 
as T ) is defined uniquely by: 

(TX\a) =: (x\fa) , X 6 X {M) ,a€X*{M) (B.f ) 



where (.|.) denotes the usual pairing. In coordinates, if: 

dx 



T = T )^®— (B-2) 



is represented by the matri x 128 ! : T — \\T l A\ then T will be represented by the 
matrix: T —: Tj l and Eqn. (|B.l| ) implies: 

% l = T l j (B.3) 

i.e. that T be the transpose of T: 

T = T t (B.4) 

All this is well known and is repeated here only for completeness. 

One can consider extending the action of the T on forms oh higher rank, as 
well as that of T on multivectors. We will concentrate here only on the former, 
recollecting some results that can be found in the literature (p.86 ). 

The extension under consideration is not unique. Let, e.g., uj be a two- form. 
In particular, u> will be considered as the map: 

w : X (M) -»■ X* (M) ; « :Y->v(.,Y) = -i Y 0J ( , 

(u(.,Y)\X) = -i x i Y w = wix,Y) [ } 

((w(.,y)) = uiijY^dx 1 ). Hence we can compose T with u to obtain the (0,2) 
tensor: 

Tow: (X,Y)->(tou(.,Y)\x) = (w(.,Y)\TX) (B.6) 



i.e.: 



(Tou)(X,Y)=u(TX,Y) (B.7) 



This is a linear extension. In terms of representative matrices Tow is represented 
by the matrix T*u>, i.e. (cfr. Eqn. (|B.3j> ): 



T o u> = (T t w) i . dx 1 ® dx j = T k iuj kj dx l ® dx j (Bi 



128 With some abuse of notation, we will denote here with the same symbol (1, 1) tensors and 
their representative matrices. 
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Another possible and more symmetric linear extension is provided by: 

(? o J\ (X, Y) = u> (TX, Y) + uj (X, TY) (B.9) 

Also, a nonlinear extension such as: 

(f o u) (X, Y) = u (TX, TY) (B.10) 

may be envisaged, with even more possibilities for forms of higher rank. 

Notice that, while the extensions (|B.9[) and (|B.10[) map two- forms into two- 
forms, this is not true in general for the extension (|B.7|) which will yield in 
general a (0, 2)-type tensor but not a two-form. 

The linear extension (|B.9[) allows for the association with T of an antideriva- 
tion of degree one usually denote as dx that acts on zero- and one-forms as: 

d T f = Tdf; d T f (X) =: df (TX) (B.ll) 

and: 

(d T B) (X, Y) = (C TX 0) (Y) - (C TY 0) (X) + 9 (T [X, Y}) (B.12) 

dx can be shown to be nilpotent (dr o dx —'■ d^, = 0) like the ordinary exterior 
differential d if and only if T has a vanishing Nijenhuis torsion, but we will not 
insist on that. 

Returning instead to the extension (|B.7[) . one can prove the following: 
The extension of the action of T on two-forms defined by: 

(tou)(X,Y)=:u>(TX,Y) (B.13) 

will be a two-form (i.e. it will be skew-symmetric) if and only if: 

uj (TX, Y) = uj (X, TY) VX,Y (B.14) 

Indeed, if the condition (|B.14|) holds, then: 

(fouj)(X,Y) =: uj(TX,Y) =-u(Y,TX) = 

= -co (TY, X) = - ( f o J) (Y, X) (B.15) 



and Touj is skew-symmetric. Viceversa, if Wi =: Tou> is skew-symmetric, then: 

lo(X,TY) = -lu(TY,X) = -uj 1 (Y,X) = 



= lu 1 (X,Y)=lu(TX,Y) (B.16) 



and (|B~T4"1) holds.B 

Notice that, in this case: 



uj (TX, Y) = - {uj (TX, Y)+lo (X, TY)} (B.17) 

and there is no real difference between the two linear extensions. 
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"H— weak and w-weak Recursion Operators. Strong Recur- 
sion Operators 

Let r be a Hamiltonian vector field with Hamiltonian % w.r.t. a given 
symplcctic form u>, i.e.: 

i r uj = dH (B.18) 

Then [5l [1201 QUE [239], a (1, l)-type tensor field T compatible with the 
dynamics, i.e. such that: 

C T T = {) (B.19) 

is called: 

• A %-weak recursion operator if it "generates new Hamiltonians" in the 
sense that: 

d (f k dH\ = 0, k = 1, 2, 3, ... (B.20) 

i.e., locally at least: 

T k dH = dH kl k > 1 (B.21) 

for some Tik G .F(jVf). It is called instead: 

• A ui-weak recursion operator if it "generates new symplectic forms" in the 
sense that: 

uj k =: Tofoof uj =:f k ocj, k= 1, 2, 3... (B.22) 

k times 

is closed and skew-symmetric (and hence a symplectic form if T is invert- 
ible). Finally, T is called: 

• A strong recursion operator if it is both %-weak and cj-weak. 



Before discussing the conditions under which a (1, 1) tensor is "H-weak and/or 
w-weak, let us examine some consequences of these definitions. 

First of all, if T is " H-w eak, it may well happen that: dWk A dH = for 



some k (even for k = l l 129 l ) , and the process of generating new Hamiltonian 
functions will stop at this stage. Barring this case, one can generate then a set 
of w-Hamiltonian vector fields Tk via: 

ir k cJ = dn k , fe>l (B.23) 

Taking the Lie derivative w.r.t. T of Eqn. (|B.21l) and taking into account the 
invariance of T one finds at once: 

d(C r n k ) = (B.24) 



3 This seems to be the case for the Kepler problem |179l 
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This implies only: CrHk = const, and not that Hk is a constant of the motion 
for r. This will require some additional assumptions that will be discussed 
shortly below. 

If instead T is w-weak, taking again the Lie derivative w.r.t. T of Eqn. (|B.22[) . 
invariance of T leads at once to: 

C T uJk = 0, k > 1 (B.25) 

In other words, T will be also locally Wfc-Hamiltonian. Then, locally at least: 

i T uJ k = dUk (B.26) 

for some Hk € T (Al), and this will provide alternative Hamiltonian descriptions 
for the same dynamics. Notice that the Wk's are not related (at least not in a 
simple way) to the Hk's of Eqn. (|B.21l) . Alternatively, one can define a new set 
of vector fields Tk via: 

ip fc w fc = dH (B.27) 

and these will be all Hamiltonian vector fields associated with different sym- 
plectic structure but with the same Hamiltonian function. 

Some relevant results concerning "H-weak and/or w-weak recursion operators 
have been proved in the literature. The main results that we will summarize 
here (referring to the literature for details of the proof) are: 

1. If T satisfies the condition (lB~20f for k = 1, i.e.: 

d (fdH) = (B.28) 

and has vanishing Nijcnhuis torsion: 

N T = (B.29) 

then it is a %-weak recursion operator (i.e. Eqn. (IB.20[) will hold for every 
/,•).■ 

2. If, moreover, T o uj is skew-symmetric, which means, in terms of the rep- 
resentative matrices, w being already skew-symmetric: 

T*w = ujT (B.30) 

then the Hk's defined by Eqn. (IB.21[) are all constants of the motion for V 
pairwise in involution: 

{H k , Hi) =: lo (r,,r fc ) = Vfc, I > (B.31) 

where {., .} denotes the Poisson bracket associated with the symplectic 
form uM 

Remark 67 This last result has the following implications: 
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• As uj is non-degenerate, there can be at most a set ofk < n = (1/2) dim (M) 
(functionally) independent constants of the motion pairwise in involution, 
and: 

• If the set is maximal (i.e. k = n), the dynamics is completely integrable 
in the Liouville sense. 

Concerning w-weak recursion operators, it has also been proved in the lit- 
erature that, if T has a vanishing Nijenhuis torsion and, moreover, T o uj is 
closed: 

d(fooj)=0 (B.32) 

and is skew-symmetric (Eqn. (|B.30j) ). then T is a w-weak recursion operator. ■ 
All this has the consequence that: 

• If T has a vanishing Nijenhuis torsion: 

N T = (B.33) 

If: 

• T o uj is skew-symmetric, i.e., in terms of the representative matrices: 

T l ui = uiT (B.34) 

and if: 

• both T o ui and TdH are closed: 

d (f o m\ = d (fdH) = (B.35) 

then T is a strong recursion operator M 



In the next Section we shall discuss a relevant class of recursion operators 
that happen to satisfy almost all of the above conditions. 



Factorizable Recursion Operators 



We will consider here dynamical systems that are bi-Hamiltoniar l I . A dy- 



namical vector field r is bi-Hamiltonian if there exist two pairs (wij'Hi) and 
{U2,U 2 ) such thalf^: 

iruji = dHi (B.36) 



130 Or, for that matter, bi- Lagrangian. 

131 In the Lagrangian case the same role will be played by the Lagrangian two-forms and the 
associated energy functions. 
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as well as: 

i r uJ2 = dH 2 (B.37) 

At least one of the two closed two- forms, say wj., will be assumed to be non- 
degenerate, hence a symplectic form. As such, it will have an inverse ui^ which 
will be the bivector (actually a (2, ) tensor, a Poisson tensor): 



a} 



rl= 2^ l)y ^ A ^ ; M ifc K)*i=<^ (B.38) 



Out of the two symplectic forms we can then build up the (1,1) tensor T 
defined via: 

<T o uj) (A, Y) =: wi (TA, Y) = lu 2 (X, Y) (B.39) 



or, for short: 

T = wf 1 o oj 2 (B.40) 

Explicitly: 

T = T* jC lx j ® ^-; T 3 = (ui) lk {uj 2 ) kl (B.41) 

(1, 1) tensors that can constructed via the composition of a (2, 0) and of a (0, 2) 
tensor will be called factorizable. 

From now on, uii and Hi will play the role of the w, "H of the previous Section. 

Remark 68 It is pretty obvious from the definition KB. 39\) that: 

Ker(T) = Ker(uj 2 ) (B.42) 

As the kernel of a closed two-form is is a Lie subalgebra of X(AA), i.e. it is 
involutive, if: dim Ker(T) has constant dimension, it is also a distribution. 
Moreover, T will be invertible (det \\T l J ^ 0) iff, besides u>i, ui 2 is also non- 
degenerate, and hence symplectic as well. 

The (1, 1) tensor T is a natural candidate for a recursion operator. Indeed, 
let us prove first that the closure condition for TdHiis satisfied. We have: 

TdUi = -B T jdxj s -w M (w2) ^ dxJ (R43) 



But: irWi = dUi implies: 

'"' K {loiY* =T k (B.44) 



d%\ ,. . ,ik _ y-.fe 



dx % 
and hence: 

TdUi = d% 2 (B.45) 

which proves that TdHi is not only closed, but also exact. I 
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Moreover: 

Ui{TX,Y) = uj 2 (X,Y) = -w 2 (Y,X) (B.46) 

= -wi (TY, X) = wi (X, TF) 

which proves (cfr. Eqn. (|B.14[1 ) that To uj 1 is skew-symmetric. 

This result could have been inferred more directly from Eqn. ([B.39p which 
states that: 

Touj 1 =uj 2 (B.47) 

which allows us also to conclude that T o lj 1 is a closed two-form. 
Therefore we obtain the following result: 
If the (1,1) tensor field / IB. 40)) satisfies the Nijenhuis condition, i.e. if: 

N T = (B.48) 

i/ien T is a strong recursion operator M 
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C Symplectic Fourier Transform 



Introduction 



Let us consider, for simplicity [771 1230] , R 2 « T*]R with coordinates (q,p). The 
standard Fourier transform (e.g. in L^ (K 2 )) of a function / = / (<?,p) is defined 
as: 

^(/) (V, = //^ exp{-i( CT + K)}/ («,P) (CI) 

with the known inversion formula (again in the sense of Li (R 2 )) : 

' drjdt; 



f(q,p) = 



2tt 



■exp{i(g77+pO}.F(/)fa,0 



(C.2) 



Notice that, with the standard Euclidean metric in M 2 , g — diag (1,1), 
qi] + p£ = g ((q,p), (??,£)■ Introducing the canonical symplectic form wd = 
d<7 A dp, with representative matrix: 



n D = 



o 1 
-1 o 



(C.3) 



the symplectic Fourier transform J- a (/) is defined as: 

dqdp 



where, explicitly: 



2tt 



exp{-iu D ((q,p),(£,T))}f(q,p) (C.4) 



UD((q,p),€,v) = \ q p 



o 1 
-1 



qrj - p£ 



Therefore: 



and the transform can be inverted into: 

' drjd!i 



or: 



f(q,p) 



f(q,p) 



2n 
2tt 



■exp{iu D ((q.p),foT } ))}r e (f)(Ti,£) 



exp{-iu D ((£, 7]) , (q,p))}T s (/) (77, £) 



(C.5) 
(C.6) 

(C.7) 
(C.8) 



where, explicitly: w D ((q,p) , (f , 77)) = qrj - p£. 

A generic constant symplectic structure u> in IR 2 is of course associated with 
a (real) skew-symmetric matrix of the form: 



fi 



a 
-a 



, a^O 



(C.9) 



181 



and there exists a nonsingular matrix T € Aut (K 2 ) = GL (2, R) (a (1, 1) tensor) 
such that: 

n = Tlu d t (c.io) 



i.e. (always remember that, by definition: IT) J = T J j): 

w(x, y) = w D (Ts, Ty) , x, y e M 2 (C.ll) 



Indeed, if: 

A /i 

then the previous condition only requires: 



T 



(C.12) 



detT = Xp - pv = a (C.13) 

and T will be actually defined "modulo" left multiplication by any matrix U 
with dctU = 1, i.e.: U e Sp (2,R) w SX(2,R): C7w D ^ = w D . In this slightly 
more general setting, the symplectic Fourier transform is defined as: 

TsT (/) (r?,0 - ^-JJdqdpcxp{-lLu((q,p) , (£,»?)}/(«, P) (C.14) 

where: J =: detT. Now, if: T(q,p) =: (x,k), then: 

Moreover, with: X =: (g,p),F =: (x,k), TX — Y and: Z = (£, 77), we have: 
w ((q,p) , (C)^) = w (T _1 Y, ■£) = W -D (Y, TZ). Hence, changing variables: 

f f drdk 
F sT (/) fa, = y/ ™ (/ ° T- 1 ) (x, fc) cxp {-iw D ((x, fc) , T (£, ,7))} (C.16) 

i.e., setting: (£t,»7t) =: T(£,T)): 

T sT (/) (r?,0 = -T, (/or 1 ) (r^fr) (C.17) 

Noticing that: 

/(Ml^/or^rtw)) (C.18) 

we can write, using the inversion formula for the " canonical" symplectic trans- 
form: 

f(q,p) = JJ^p : Fs(foT- 1 )( VT ,Z T )exp{^ D ((t; T ,r lT ),T(q,p))} 

(C.19) 
or: 

/ (Q,P) = Jl^ 11 ^ (/) (V, cxp {-iu D (T (£, V ) , T (q, P ))} (C.20) 

and eventually (d (£t ; Vt) /d (£, rj) = J) we obtain the inversion formula: 

/ (Q,P) = ^ [fdtdriTsT (/) fa, e*P {"«" ((^,77) , (g,p))} (C.21) 
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Equivariance 

What remains to be discussed is the role of the ambiguity in the definition 
of T (T and UT, U £ Sp (2,R) playing the same role). The question is 
whether or not F sT (/) (r?, and T sUT (/) {rj, £)) Lc - ?s (/ ° T ^) (vt,£t) and 
■Fa (/ ° (UT)^ 1 ) (tjut, £,ut) define the same symplectic Fourier transform. From 
the definition: 

F s {fo(UT)- 1 )(r, UT ,£ UT ) = 
^(foT-ioU-i)(q,p)e X p{-icu D ((q,p),UoT(Z,r ] ))} (C " 22) 

Setting: U' 1 (q,p) = (x, k) (dot U = 1): 



F s {fo(UT)- l )( mT ^ UT ) = 
= jj^r (f ° T ~ l ) (*> fc ) CX P {-wd (^ (*,*)^oT K. v))} 

But: w D ([/(.), [/(.)) = lu d ((.), (.)), and hence: 

r,(fo(UT)- 1 )( m j T ,SuT) = 

= jj^r (f ° T ^) (*> fc ) ex P {"^ «*> fc ) > T & "))} 



(C.23) 



(C.24) 



i.e.: 

J" s (foiUT)- 1 ) ( V ut,{;ut)=T s (/or 1 ) (r^fr) (C.25) 

F s t depends then only on the right coset of T in GL(2,R) relative to the 
subgroup Sp (2, K) of the symplectic linear maps. This result can be summarized 
by writing (for T = I, otherwise we substitute / with / o T _1 ): 

T s (foU- 1 )oU = T s (f) (C.26) 

or, according to the standard definition of "pull-back" of a map: 

</>* T s (/) = T s {cj>*f) (C.27) 

where: <j> = U^ 1 £ Sp(2,R), which can then be rephrased by saying that the 
symplectic Fourier transform is cquivariant, or that it is "natural", w.r.t. the 
symplectic group. 
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